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Greek alphabet 


SBSINMAH200 


A alpha t I iota p P rho 

B beta k K kappa c © sigma 
T gamma à A lambda r T tau 

A delta u M mu v T upsilon 
E epsilon v N nu ġo © phi 

Z zeta E Si xi x X chi 

H eta o O omicron w D psi 

© theta t I pi w Q omega 


Mathematical language 


1. 


In mathematics we commonly use implications such as ‘if P, then Q’, 
where P and Q are statements which can either be true or false. The 
statement P is the hypothesis and the statement Q is the 
conclusion. 
An implication may be true or it may be false. For example, the 
following implication is true: 

if x is positive, then x + 1 is positive. 
In contrast, the following implication is false: 

if x is positive, then x — 1 is positive. 
One way to prove that an implication is false is by giving a 
counterexample to the implication. For example, the implication 
‘if x is positive, then x — 1 is positive’ is false because x = 1 isa 
counterexample to the implication, since x is positive but x — 1 = 0 is 
not positive. 
There are various equivalent ways of stating an implication. For 
example: 
e if x is positive, then x + 1 is positive 
e ifx>0,thenx+1>0 
exz>0 = r£+1>0 
e for all x > 0, we havex+1>0 
exz+1>0, forala«>0 
e rtl, whenever x > 0 
e 


for x + 1 to be positive, it is sufficient that x be positive. 


. The converse of an implication is obtained by exchanging the 


hypothesis and the conclusion. The converse of a true implication is 
not necessarily true. For example, the converse of the (true) 
implication 

if x > 0, then z+1>0 
is 

if x +1 >00, then x > 0, 
which is false (for example, if x = 0 then x + 1 > 0 but x < 0). 


3. An equivalence consists of an implication ‘if P, then Q’ and its 
converse ‘if Q, then P’. The equivalence is true if both these 
implications are true. For example, the following equivalence is true: 


x > 0 is equivalent to 2x > 0. 


It could alternatively be stated as follows: 


e r>0 = Jr zU 
e x > Oif and only if 2x > 0 
e x > 0 is necessary and sufficient for 2x > 0. 


4. There are three ways of proving implications: 


e direct proof: begin by assuming that the hypothesis is true and 
then argue directly to show that the conclusion is true 

e proof by contraposition: begin by assuming that the conclusion 
is false and then argue directly to show that this assumption implies 
that the hypothesis is false 

e proof by contradiction: begin by assuming that the hypothesis is 
true and that the conclusion is false, and then argue from both to 
obtain a contradiction. 


It is preferable to use one of the first two types of proof, where possible, 
since they establish a direct link between hypothesis and conclusion. 
However, it is often convenient and sometimes essential to use a proof by 
contradiction. 


Set notation 


Notation Meaning 


{z,y,...,z} | The set of elements listed in {...} 
Sioe The set of all x such that... 
TEA x belongs to A 
zé A x does not belong to A 
ACB A is a subset of B: each element of A belongs to B 
A=B A is equal to B: AC Band BC A 
ACB A is a proper subset of B: A C B but A #4 B 


AUB A union B: the set of all elements that belong to A or B (or both) 
ANB A intersection B: the set of all elements that belong to both A and B 
A-B A minus B: the set of all elements of A that do not belong to B 

D The empty set 
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Real numbers 


1. A real number is a number that can be represented by a decimal of 
the form 


rd9.d1a2Q03..., 


where ag is a non-negative integer and o, a2,a3,... are digits. 
Rational numbers (ratios of integers) are represented by recurring 
decimals and irrational numbers are represented by non-recurring 
decimals. Real numbers are often represented by points on a line, 
called the real line. 


2. Some important sets of real numbers 
Symbol | Set 


N The set of all natural numbers: {1,2,3,...} 

Z The set of all integers: {...,—3,—2,—1,0,1,2,3,...} 
The set of all rational numbers 

(numbers of the form p/q, where p,q € Z, q # 0) 

R The set of all real numbers 


(a,b) | {a:a<a <b}, open interval 
(a, b] {x:a< x <b}, closed interval 
(a,b] | {xz:a< x< bk, half-open interval 


) | {a:a > a}, open interval 

) | {a: a> a}, closed interval 
,b) | {a : a < b}, open interval 

b] | {a : x < b}, closed interval 


3. Upper and lower bounds 


Suppose that A is a non-empty subset of R. Then A is bounded 
above if there is a real number M such that 


mz AM for all re A, 


The number M is called an upper bound of A. Clearly, any number 
bigger than M is also an upper bound of A. A lower bound of A is 
defined similarly. 


Among all upper bounds of A, the smallest (which always exists if A is 
bounded above) is called the least upper bound of A, or the 
supremum of A, written sup A. The greatest lower bound, or the 
infimum, of A, written inf A, is defined similarly. 


If A has infinitely many elements and is bounded above, then sup A 
may or may not belong to A. Similarly for inf A when A has a lower 
bound. In contrast, if A has finitely many elements, then sup A and 
inf A are the largest and the smallest elements of A, respectively. 


If sup A belongs to A, then we may use the alternative notation max A 
for sup A. Similarly, if inf A belongs to A, then we may denote it by 
min A. 


Real numbers 


4. Inequalities 
Rules for rearranging inequalities 
For all a,b,c € R, the following rules apply. 
Rulel och = b-a>0. 
Rule2 a<b = a+c<b+c. 
Rule 3 Ifc>0,thena<b 4> ac < be. 
Ifc <0, thena <b 4> ac> be. 


Rule 4 [fa,b>0,thena<b 4> SR 
a 


Rule 5 Ifa,b>Oandp>0, thena<b <= > a? < DÉI. 
Rules for deducing new inequalities from given ones 
(a) Transitive Rule For all a,b,c in R, 
a <bandb <c = axe 
(b) Sum Rule For all a,b,c,d in R, 
a<bandc<d => a+c<b+d. 
(c) Product Rule For all a,b,c,d in R with a,c > 0, 
a<bandc<d = ac < bd. 
5. Modulus 
If x € R, then the modulus, or absolute value, of x is 


vu Bee w 


z, Ee. 


Thus |z| is the distance on the real line from the origin to x, so 


e |z| <a = —a<r<a 
e lol >a = r>aorg< -—a 
e the distance on the real line from a to b is |b — al. 


6. The Principle of Mathematical Induction 


Suppose that P(n), n = 1,2,..., is a sequence of propositions such 
that 


e P(1) is true, and 
e if P(k) is true, then P(k + 1) is also true. 
Then P(n) is true, for n = 1,2,.... 


Real functions 


1. A real function f is defined by specifying 


e two subsets A and B of R 


e a rule that associates with each ze A a unique y € B. 


We write 


f:A—B and y= f(x). 


The sets A and B are called the domain and the codomain of f, 
respectively. The number y is called the image of x under f, or the 
value of f at x, and we say that f maps x to y. The image set of 


the function f is 


F(A) = (f(a) : x € A}. 


2. Standard functions 


Type Rule 
Polynomial ao + a£ +: + anr” 
Rational p(x)/q(x), p and q are 
polynomial functions 
(q not the zero function) 
Trigonometric | sin x 
COS & 
tan x 
Exponential e” (also written exp x) 
a”, where a > 0 
Natural log log x 
Hyperbolic sinh x 
cosh x 
tanh x 


Domain 


R 
R — {x : q(x) = 0} 


AAA SS AAA 


3. Properties of real exponentials and logarithms 


(a) Definition of ei: 


(b) Definition of log x (where x > 0, y € R): 


LSC == y= loge. 


(c) Definition of a” (where a > 0, x € R): 


a” = exp(z log a). 


(d) Index laws (where a > 0, x,y E R, m,n € N): 


evar, (Pao, 


Yar =a”, a? =1/a*. 


(e) Logarithmic identities (where x,y > 0): 


log ry = log x + log y, 


log(1/x) = — log a. 


Real functions 


4. Trigonometric and hyperbolic identities 


These identities are valid when z, zu and z2 are real numbers and 
when z, z1 and zg are complex numbers. Each identity holds on the 
largest set of values for which both sides of the identity are defined. 


Trigonometric 


2 


cos? z + sin? z = 1 


Hyperbolic 


cosh? z — sinh? z = 1 


sec? z = 1 + tan? z 
cosec? z = cot? z + 1 


sin(z1 + 22) = sin 21 cos zg + cos 21 sin 22 


sech? z = 1 — tanh? z 
cosech? z = coth? z — 1 


sinh(z1 + z2) = sinh z1 cosh z2 + cosh 21 sinh 22 


cos(z1 + z2) = cos 21 Cos 22 F sin z1 Sinz 
tan 21 + tan z2 


tan(zı E z2) = ———__— 
(Ai 2) 1 F tan z1 tan z2 


sin 2z = 2 sin z cos z 


cosh(z1 + z2) = cosh zu cosh za + sinh 21 sinh z2 
tanh zı + tanh z2 


tanh(z1 SS z2) = 


1+ tanh z1 tanh zo 


sinh 2z = 2sinh z cosh z 


2 2 


cosh 2z = cosh? z + sinh? z 
= 2cosh? z — 1 


= 1 +2sinh? z 

2 tanh 
tanh 2z = Leh 
1+ tanh z 


sinh(—z) = — sinh z 


cos 2z = cos* z — sin* z 
= 2cos? z — 1 
= ] — 2sin? z 
2tanz 
tan 2z sn 
1— tan? z 
sin(—z) = —sinz 
cos(—z) = cos z 
tan(—z) = — tan z 


cosh(—z) = cosh z 
tanh(—z) = — tanh z 


sinh(z + 277) = sinh z 


sin(z + 27) = sin z 
cos(z + 27) = cosz 
tan(z + T) = tanz 


cosh(z + 277) = cosh z 


tanh(z + ri) = tanh z 


5. Commonly used trigonometric values 


0 in radians | 0 in degrees | sin | cos0 
0 0° 0 1 
1 
T pe 1 | v3 
6 2 2 
T 1 1 
Z 45° E 
T lk: 
1 
T i v3 | 1 
3 2 2 
ud 90° 1 0 
2 
GH 120° v3} 1 
3 2 2 
3m 135° 1 il 
4 v2 | «2 
5r 150° DECH 
D 2 2 
180° 0 —1 


Handbook 


6. Graphs of standard functions 


y= Nec 


Sy 


gradient = m 


y = tant 


rl} y= Lan ln 


> 
x 


w| 


10 


Lé 


7. Standard derivatives 


YA 


Real functions 


y= tanhx 


y = tanh Ir 


fiz) f'(x) Domain of f’ 

k, keR 0 R 

ei 12. ng R 

r”, n = —1,—2, ng”! R — {0} 
z*,aER-Z orl (0, co) 

e” er R 

o, oz a” loga R 

log x Lë (0, co) 

sin x CO R 

COS © — sing R 

tan x sec? z R—{(n+5)m:neZ} 
cosec £ — cosec x cot £ — {nr: nE Z} 
sec £ sec g tan z —{(n+4)r:neZ} 
cot x — cosec? x —{na:neZ} 
Set 1/V1— 2? (-1,1) 

cos lx —1/V1—2? | (-1,1) 

ane 1/(1 + 2?) R 

sinh x cosh x 

cosh x sinh x R 

tanh z sech? x 

sinh”! x 1/v1 + z? 

cosh™! g 1/vz? — 1 (1,00) 

tanh“! x 1/(1 — z?) (-1,1) 
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8. Standard primitives 


Lie te 
1/Va? — 1 
10 2?) 


F(x) (F’=f) 


gt! da +1) 
log |z| 

a+] (n +1) 
at! (a+ 1) 


e? 


a”/loga 
rlogx— x 


— cos x 
sin x 
log|sec z| 


sin lr 
—cos-! g 
Lan ln 


cosh x 
sinh x 
log(cosh x) 


sinh~! x 
cosh“! a 
tanh! x 


Domain of F 


R 

R — {0} 
R — {0} 
(0, 00) 
R 

R 

(0, 00) 
R 

R 

R 

(=1, 1) 
Eck 1) 
R 

R 

R 

R 

R 

(1, 00) 
(=1, 1) 


—{(n+4)r:neZ} 
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Unit Al Complex numbers 


Section 1 Complex numbers and their 
properties 


1. 


A complex number z is an expression of the form x + iy, where x 
and y are real numbers and 7 is a symbol with the property that 
i? = —1. We write 


z=a+ity_ or, equivalently, z=2+ yi, 
and say that z is expressed in Cartesian form. The real number z is 


the real part of z (written x = Re z) and the real number y is the 
imaginary part of z (written y = Im z). 


Two complex numbers are equal if their real parts are equal and their 
imaginary parts are equal. 


The set of all complex numbers is denoted by C. 


. The binary operations of addition, subtraction and multiplication 


of complex numbers are denoted by the same symbols as for real 
numbers and are performed by the usual procedure — that is, treating 
complex numbers as real expressions together with an algebraic 
symbol i with the property that i? = —1. 


. The negative —z of a complex number z = x + iy is 


z = (=x) + i(—y), 


usually written —z = —x — ty. 


. The reciprocal 1/z of a non-zero complex number z = x + iy is 


1 =y 


z Fy? 


The alternative notation z~! is also used for the reciprocal. 


The quotient 2,/z2 of a complex number zı by a non-zero complex 
number zo is 


. Strategy for obtaining a quotient To obtain the quotient 


or where y2 Æ 0, 
T2 + vYy2 


in Cartesian form, multiply both numerator and denominator by 
z2 — iy2, so that the denominator becomes real. 


. The complex conjugate Z of a complex number z = g + iy is 


Z= g£ — iy. 


. Rez = Rez and Im Z = —Imz. 


13 


Handbook 


14 


8. 


10. 


11. 


Some formulas using 7 

(a) Rez =0 and Imi=1. 

(b) È =-1, PSs, ==]. 
(cl 1/i=-—i. 

(d) i= -—i. 


. Properties of the complex conjugate 


(a) If z is a complex number, then 
(i) z+z7=2Rez 
(ii) z—-Z=2iImz 
(iii) (Z) =z. 
(b) If z, and zg are complex numbers, then 
DI tass Si LES 
DI om EI 72 
(iii) AM = AA 
(iv) 21/22 =A /%, where z £0. 
Arithmetic in C 


Property Addition 
Closure Al 
For all z1, z2 in C, 
z+22€C. 
Identity A2 


For all z in C, 

z+0=04+2=2z. 
Inverse A3 

For all z in C, 

z + (=z) =(-z)+z=0. 
Associative A4 

For all z1, 22, z3 in C, 


(z1 + 22) + 23 = z1 + (22 + 23). 


Commutative A5 
For all z1, z2 in C, 
21 + z2 = Z2 + 21. 


Multiplication 


MI 

For all z1, z2 in C, 
2122 E C. 

M2 

For all z in C, 
le 2 

M3 

For all non-zero z in C, 
zz = zz = 1. 
M4 

For all zu. 22, z3 in C, 
(2122)23 = 21(2223). 


M5 
For all z1, z2 in C, 
2122 = 2921. 


Distributive D For all 2, 22, 23 in C, 21 (22 + 23) = 2122 + 2123. 


Let n and k be integers with n > k > 0. Then the binomial 


coefficient (UI is given by 


~ HMia- EI ` k! 


where 0! = 1. 


(") - nu n(n—1)-+-(n-k +1) 


$ 


Unit Al Complex numbers, Section 2 


12. Binomial Theorem 


(a) Ifz eC andn €N, then 


(l+z)"= 3 C) ch 


k=0 
— 1 


(b) If 21,272 E€ C and n € N, then 


(21+ 22)" =X (UI ei Re 
k=0 
n(n — 1) 


n—2 2 n 
z] 2 2g t eta- 


= z? + nzi! za + 
13. Geometric Series Identity 
(a) If z €C and n EN, then 
1—2 =(1—z)\(1+24+274+---+2"4) 


and 
1 n+l 
ipep gpa * 
UE 
(b) Ifz,22€CandneN, then 
n—3 2 GE 


—1 —2 
zi — 23 = (a — z2)(21 Tra eat ey ag +: +z 


for z £1. 


Section 2 The complex plane i 


1. The complex plane or z-plane is a Cartesian plane used to represent 
the set of all complex numbers in which the complex number 
z = x + iy is represented by the point (x,y). 


upper-left (upper-right 
quadrant | quadrant 


The horizontal axis of the complex plane is called the real axis and S 


the vertical axis is called the imaginary axis. ie lower-right 


The four infinite regions of the complex plane separated off by (and quadrant | quadrant 
not including) the axes are called quadrants. 


2. The modulus, or absolute value, of a complex number z = x + iy is 
the distance from 0 to z; it is denoted by |z|. Thus 


l= le + ees 

3. |z1 — 22| is the distance from 22 to 21. 

|z1 + 22| is the distance from —z2 to 21. 
4. Properties of the modulus 
(a) |z| > 0, with equality if and only if z = 0. 
II |z| = [z| and |—2| = [2]. 
(ce) Jel? = 2z. 
( 
( 


d) zı — zəl = |z2 — zıl. 


el |2122| = |zil|z2| and |z1/z2| = |z1|/|z2|, for z2 4 0. 
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11. 


16 


. An argument of a non-zero complex number z = x + iy with |z| = r is 


an angle 0 (measured in radians) such that 


x 
cos?é=— and dag, 
r r 


. No argument is assigned to the number 0. 


Each non-zero complex number has infinitely many arguments, all 
differing by integer multiples of 27. 


. The ordered pair (r,0), where r is the modulus of a non-zero complex 


number z and @ is an argument of z, is called the polar coordinates 
of z. The expression 


z = r(cos0 + isin 0) 


is said to be a representation of z in polar form. 


. The principal argument of a non-zero complex number z is the 


unique argument Hof z satisfying —r < 0 < 7; it is denoted by 
0 = Arg z. 
(For Arg, z, where d € R, see item 1 in Section 5 of Unit C1.) 


. Strategy for determining principal arguments To determine 


the principal argument 0 of a non-zero complex number z = x + iy, 
apply the relevant case below. 


Case 1 If z lies on one of the axes, then d is evident. 


Case 2 If z does not lie on one of the axes, then carry out the 
following two steps. 


(1) Decide in which quadrant z lies (by plotting z if necessary), and 
then calculate the acute angle 


EICHER 
in radians. 
(2) Obtain 6 in terms of ¢ by using the appropriate formula in the 
figure. 


Two non-zero complex numbers zu and z2 are equal if and only if 
Lal = |z2| and Arg z1 = Arg 22. 


If z1 and zg are non-zero with 

zı = rı(cosĝı +isinO;) and zg = re(cos2 + isin 62), 
then 

Z122 = rıro(cos(01 + 02) + 7sin(A + 62)). 


The geometric effect on zı of multiplying it by z2 is to scale zu by the 
factor |z2| and rotate it about 0 through the angle Arg z2. (This 
rotation is anticlockwise if Arg z2 > 0 and clockwise if Arg z2 < 0.) 


Unit Al Complex numbers, Section 3 


12. If z; and z2 are (non-zero) complex numbers, then 
Arg(z1z2) = Arg z1 + Arg z2 + An, 
where n is —1, 0 or 1, depending on whether Arg zu + Arg z2 is greater 
than 7, lies in the interval (—7, 7], or is less than or equal to —7. 
13. If z is non-zero with 
Zk = 7, (cos, + isin ôk), fork =1,2,...,n, 
then 
unn = PT: + Tn(cos(O, +02 +--+ + On) +isin(O; +02 +--+ 4n)). 
14. If z1 and zo are non-zero with 
zı = rı(cosĝı +isinĝı) and 22 = re(cos 62 + isin 62), 
then 
“a Liest fy — 62) +isin(@, — 62)). 
Z2 T2 
The geometric effect on zu of dividing it by zg is to scale zu by the 


factor 1/|z2| and rotate it about 0 through the angle —Arg z2. (This 
rotation is clockwise if Arg z2 > 0 and anticlockwise if Arg z2 < 0.) 


15. If z is non-zero with z = r(cos@ + isin 0), then 
1 

= —(cos@ — isin 8). 
7 

16. If z is non-zero and —7 < Arg z < m, then 

1 


zs ~(cos(-6) +isin(—6)) 
Arg Zz = Argz = —Argz. 


17. De Moivre’s Theorem Ifn is an integer and 0 is a real number, 
then 


(cos 6 + isin)” = cosné + isin nð. 
18. Some properties of i 
(a) Wi 
(b) Argi=7/2. 
(c) The arguments of i are 7/2 + 2nz, for n € Z. 
(d) «=cos7/2+isin7/2 is a representation of i in polar form. 


Section 3 Solving equations with complex 
numbers 


1. Let w be a non-zero complex number and let n > 2. Each solution of 
z” = w is called an nth root of w; if n = 2 it is called a square root. 


2. Theorem Let w = p(cos¢ + isin ġ) be a non-zero complex number 
in polar form. Then w has exactly n nth roots, given by 


2 2 23 
Zk = p'!" (cos($ + E + oul? + Eat 
n 


where k = 0,1,...,n — 1. These roots form the vertices of an n-sided 
regular polygon inscribed in the circle of radius p!/" centred at 0. 
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3. Let w = p(cos¢+isin@) be a non-zero complex number in polar form, 
where a is the principal argument of w. Then 


zo = pil” (cos 2 + isin d 
n n 
is called the principal nth root of w, denoted by %/w or w!/". 


By definition, 0!/” = 0. 


4. The number 1 has exactly n nth roots, given by 


Zock _, El 
Zp = cos{ — | +isin| —], k=0,1,...,n—-1. 
n n 


These are called the nth roots of unity. 


5. Strategy for finding nth roots To find the n nth roots 
20; Z15+++,Zn—1 Of a non-zero complex number w: 
(1) Express w in polar form, with modulus p and argument o. 
(2) Substitute the values of o and ¢ in the formula 


2 2 
zę = pil” Lol? + E + oul? + Ean 
n n n n 
where k = 0,1,...,n—1. 
(3) Convert the roots to Cartesian form, if required. 


6. The solutions of the quadratic equation az? + bz + c = 0, where a, b,c 
are complex numbers and a ¥ 0, are given by the quadratic formula 
_ —b+ vb? — 4ac 


z= 
2a 


Section 4 Sets of complex numbers 
1. The inequalities z1 < zo and zu < z2 have no meaning unless both zu 
and z are real. 
2. The following subsets of C are commonly used. 


(a) A half-plane is the set of points lying to one side of a straight 
line, possibly including the line itself. 
An open half-plane is a half-plane of the form 


{z:aRez+bImz > c}, 
and a closed half-plane is a half-plane of the form 
{z:aRez+bImz > c}, 


where a,b,c € R and a,b are not both zero. 


Four particularly useful open half-planes are shown in the figure. 


| ae 
=- 


upper left lower right 
half-plane half-plane half-plane half-plane 
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The circle with centre a € C and radius r > 0 can be written as 
{z :|z— a| =r}. The circle {z : |z| = 1} with centre 0 and 
radius 1 is called the unit circle. 


A disc is the set of points lying inside a circle, possibly including 
the circle itself. 


An open disc is a disc of the form 
{z:|z-a| <r}, 

and a closed disc is a disc of the form 
{z:|z-—a| <r}, 

where a € Cand r > 0. 


An annulus is the set of points lying between two concentric 
circles, possibly including one or both of the boundary circles. 


An open annulus is an annulus of the form 
{z: r1 < |z -a| < re}, 

and a closed annulus is an annulus of the form 
{z: r1 < |z -a| < re}, 

where a € C and rə > rı >Q. 


A punctured disc is a disc from which the centre point has been 
removed. A punctured plane is C with a single point removed. 


A ray or half-line is a set of the form 

{z : Arg(z — a) = 0}, 
where a € C and -r < 0 < mr. 
A sector is a set bounded by two rays that share a common end 
point, possibly including one or both of the boundary rays. An 
open sector is a sector of one of the forms 

{z :a < Arg(z — a) < b}, 

{z : Arg(z—a) <a or Arg(z—a) >b}, 
where a € C and -r <a <b< r. 


A A 
N 7 \ 
N 7 \ 
N 7 \ 
bh y N 
\ 46 7 ws b 
Ye — 
7 a 
7 
d 
7 
7 


{z:a< Argz < b} {z : Argz<aor Argz >b} 


A cut plane is the complex plane C with a half-line from the 
origin and the origin itself removed. 

In particular, the set C — {x € R : x < 0} is a cut plane, and this 
set can also be specified as {z : |Arg z| < 7}. 
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3. Let A and B be subsets of the complex plane. 
The union of A and Bis AUB={z:z¢€Aorze B}. 
The intersection of A and B is AN B = {z : z € A and z E€ B}. 
The difference of A and B is A — B = {z : z € A and z ¢ B}. 
The complement of A is C — A = {z : z € C and z ¢ A}. 


4. In set notation the word ‘and’ can be replaced by a comma. For 
example, we can write AN B = {z : z € A,z € B}. 


boundary point boundary point 5. Sketching conventions 


ak Pa va e The interior of a set is shown by shading (or hatching). 


e Boundary curves that belong to the set are drawn unbroken. 


Ox t 
EVGA. 

CVO 
Gre ee, 


e Boundary curves that do not belong to the set are drawn broken. 


Ge RS RRS e Distinguished boundary points that belong to the set are drawn as 
E LC ele Se SS solid dots (small, filled-in circles). 


e Distinguished boundary points that do not belong to the set are 


a ey drawn as hollow dots (small, empty circles). 


not in set in set 


Section 5 Proving inequalities 
1. |Rez| < |z| and |Im z| < |z]. 
2. Triangle Inequality If 21, z2 € C, then 
(a) [z + z2| < |z| +|z2| (usual form) 
(b) |z — z2| > [jz] — |z2]| (backwards form). 
So |z1 — z2| > |z1| — |z2| and |z1 — z2| > |ze| — lol, 
3. If 2,21, Z2,..-,2n E€ C, then 
(a) |z| < |Rez|+|Im2| 
(b) [z1 — 22| < |z| + [zl 
(el [za + 22| zial — lll 
( 
( 


= 


zi Ezz- Æ zn| < ler] + zo] +--+ lnl 
e) |zytzg4---+2,| > |z1| — l| —---— [znl]. 
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Unit A2 Complex functions 


Section 1 Complex functions and their 
properties 
1. A complex function f is defined by specifying 


e two sets A and B in the complex plane C 

e arule that associates with each number z in A a unique number w 
in B; we write w = f(z). 

The set A is called the domain of the function f, and the set B is 

called the codomain of f. 


The number w is called the image of z under f, or the value of f 
at z, and we say that f maps z to w. 


Other commonly used words for function are mapping and 
transformation. 


2. Convention When a function f is specified just by its rule, it is to 
be understood that the domain of f is the set of all complex numbers 
to which the rule is applicable, and the codomain of f is C. 


3. Given a function f: A — B, the image set of f, written f(A), is the 
set of all values f(z), where z € A. Thus 


F(A) = {f(z) : z € A}. 
If f(A) = B, then the function f is said to be onto. 


4. A function f: A —> B is called a real-valued function (of a 
complex variable) if f(A) C R. 


The function f is called a real function if AC R and BCR. 


5. The points at which a function takes the value zero are called the 
zeros of the function. 


6. Let f: A — C and g: B — C be functions. 
The sum f + g is the function with domain AN B and rule 
(f +9)(2) = flz) + g(2). 
The multiple Af, where A € C, is the function with domain A and rule 
(Af)(z) = Af (2). 
The product fg is the function with domain AN B and rule 
(fg) (2) = f (2)g(2). 


The quotient f/g is the function with domain AN B — {z : g(z) = 0} 
and rule 


(f/9)(2) = F(2)/g(2). 
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Ta 


10. 


11. 


12. 


A polynomial function of degree n is a function of the form 
p(z) = anz” TICE +- -- + a1z + a0, 
where ao, a1, ...,@n € C and an £ 0. 


A rational function is a function of the form 


where p and q are polynomial functions, and q is not the zero function. 


. Let f: A — C and g: B — C be complex functions. Then the 


composite function go f has domain 
{z€ A: f(z) €B} 
and rule 


(9° f)(z) = g(F (2)). 


. The function f: A —> B is one-to-one if the images under f of 


distinct points in A are also distinct; that is, 

if 21,22 E€ A and z1 Æ z2, then f(z) Æ f(z2). 
An equivalent statement is that if w e f(A), then there is a unique z 
in A such that f(z) = w. 


Let f: A —> B be a one-to-one function. Then the inverse function 
TT of f is the function with domain f(A) and rule 
fw) =z, 
where w = f(z). 
Strategy for proving that an inverse function exists To prove 
that a function f has an inverse function: 
e either prove that f is one-to-one directly by showing that if z1 £ 22, 
then f(z1) # f(z2) (or, equivalently, f(z1) = f(z2) => 21 = 22) 
e or determine the image set f(A) and show that for each w € f(A) 
there is a unique z € A such that f(z) = w. 


Reducing the domain of a function (without changing the rule) gives a 
new function, called a restriction of the original function. 


Section 2 Special types of complex 
function 


h 


2. 
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Given a function f, the functions Re f : z +> Re(f(z)) and 
Im f: z+ Im(f(z)) are called the real and imaginary parts of f. 
They are real-valued functions with the same domain as f. 


Given a function f: A —> B and a subset S of A, the image under 
f of S, written f(S), is 


f(S) = {flz) 2 € 5}. 
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3. A path is a subset I of C that is the image set of an associated 
continuous function y: I —> C, where J is a real interval. In this 
context, the function y is called a parametrisation (of T). If 


y(t) = ot) ru) (bE TD), 


where @ and w are real functions, then the equations 


zé), y=v(t) (tel) 


are called parametric equations (of T). 


y YF ot) + ilt) 


(b) 


If I is the closed interval [a,b], then y(a) and q(b) are called the 
initial point and final point of T, respectively. 
The points y(a) and (0) are also called the endpoints of T. 

4. A path T is usually marked with an arrow (or arrows, if necessary) to 


show the direction in which it is traversed (the arrow points in the 
direction of increasing values of t). 


It may be possible to obtain an equation for T in terms of x and y 
alone by eliminating t from the equations x = ¢(t) and y = W(t). 


5. Let f be a continuous function, and let [ be a path in the domain 
of f. Then f(T) is called the image path (under f of r). If T has 
parametrisation y, then f(T) has parametrisation f oy, which is the 
function with rule t —> f(7(t)). 


6. Strategy for determining an image path Let f be a continuous 
function, and let I be a path with parametrisation 
y(t) =p) + ipt) (ef 
To find the image path f(T): 
e either use the geometric properties of f 
e or substitute x = (t), y = y(t) into the equation 
utiv= f(x + iy), 
and then, by equating real parts and imaginary parts, obtain 
expressions for u and v in terms of t. (These expressions are the 


parametric equations of the image path f(T) associated with the 
parametrisation f oy.) 
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7. Standard parametrisations 


Set 


Line through 


o and 8 


Line segment from 
a to B 


Circle with 
centre a, radius r: 
|z-al=r 


Arc of circle with 
centre a, radius r 


Ellipse in standard 


form: 
2 2 
a b2 


where a,b > 0 


Standard parametrisation 


y(t) =(1- ta + #8 


y(t) = (1 — tja + t8 


y(t) =a+r(cost + isint) 


y(t) =a+r(cost + isin t) 


y(t) = a cost + ibsint 


(tER) 


(t € [0,1]) 


(t € (0, 27]) 


(t € [0, 27]) 


(t € [t1, ta]) 


Diagram 


> 
Ru 
YA 
t= t = 0,27 
Z 
YA 
t=t21 “t= 
\ 
n 
a 
T 
YA 
ib|t=r/2 
a 2 
-ibl t = 30/2 
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Parabola in standard 
form: 

y? = 4ax, 
where a > 0 


y(t) = at? + 2iat (t ER) 


Sy 


Right half of hyperbola 
in standard form: 
r? y? i y(t) =acosht+ibsinht (t € R) aft=0 
az bo 
where a,b > 0 


Xy 


3 


Section 3 Images of grids 


A Cartesian grid consists of lines of the form z = a and y = b, usually 
evenly spaced in both directions. 


A polar grid consists of circles with centre 0 and rays emerging from 0. 
Each of the circles has an equation of the form r = a, where a is a positive 
constant, and each of the rays has an equation of the form 0 = b, where b 
is a constant in the interval (—7, 7]. 


Section A Exponential, trigonometric and 
hyperbolic functions 
1. For all z = z + iy in C, 
e* = e” (cosy + isin y). 
The function 
z> Leet? 


is called the exponential function, and is denoted by exp. 
Thus exp z = e”. 
2. If z is real, z = x + 0i, then 
e* = e” (cos 0 + isin 0) = e”. 
3. Euler’s Identity If z is imaginary, z = 0 + iy, then 


e” = cosy + isin y. 


25 


Handbook 


4. Euler’s Equation 
e" +1=0. 


5. Useful values of exp on the unit circle 


in/2_; E 3 al 
e2in/3 £ WË Bot = ae + 3! 
3in/4 in/4 
e in / geg eit /4 — i D ES 
Sin /6 Be Ra 
1 v3 
e G/ä Lu VY. 
ëtt E ge? e =3 + 9 a 
e21T/3 = 1 + v3, 
2 2 
e~ 5iT/6 —in/6 o3in/4 _ l, ES 
en 3in/4 —in/4 vat AZ 
—2ir/3 —in/3 
e LEET 5in6 — _ V3 L 
2 2 


The formula e~*? = ei? can be used to find the Cartesian form of other 


complex numbers in the figure. 
6. Exponential identities 
(a) Addition e^t? = ele? 
(b) Modulus |e?| = eRe? 
(cl Negatives e`? = lie? 
(d) 
7. e £0 and |e*| < ell, for all z € C. 
8. Given a non-zero complex number z with modulus r and argument 9, 


both 


z=r(cos?+isin0) and z=re 


z+2mi _ pz 


Periodicity e e 


id 
are acceptable ways of writing z in polar form. 
9. De Moivre’s Theorem can be written as 
(e8) = ein 
where n is an integer and 0 is a real number. 
10. The geometric nature of exp 
(a) For all n € Z, e**?"™ = e*. Therefore each of the points 
z+ 2nri, ne, 
has the same image under the exponential function. In particular, 
e =1 4> z= 2nri, forneZ, 
e” = -1 z= (2n + 1)ri, fornez. 


(b) The function exp maps the line x = a to the path with 
parametric equations 


u = e" cost, v=e*sint (t€R). 


This is the circle with centre 0 and radius ei, 
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13. 


14. 


15. 
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(c) The function exp maps the line y = b to the path with parametric 
equations 


u=e'cosh, v=e'sinbd (t€R). 
This is the ray from 0 (excluded) through cosb + isin b. 


(d) The image of the strip {x + iy: —a < y < zk under f(z) =e’ 
is C — {0}. 


Trigonometric functions 


For all z in C, 
1,_, l TL: 
sie = SE — el and cosz= Sg" Leit, 
i 


For all z in C— {(n+4)r:nE€zZ}, 


sin z 
tan z = and secz = ; 
OS Z COS zZ 
For all z in C—{na: n € Z}, 
COS Z d 
cot z = — and cosecz = ——. 
in z sinz 
Theorem 


(a) The zeros of the sine function are given by 
sinz = 0 4> z=nr, fornez. 
(b) The zeros of the cosine function are given by 
cosz = 0 = z= (n+ Al, for n € Z. 
The well-known properties of the real sine and cosine functions 
Ion zl <1 and |cosz|<1, where z€ R, 


do not always hold when x is replaced by a complex number z. 


Trigonometric identities All the standard identities satisfied by 
the real trigonometric functions (see item 4 of the introductory section 
on real functions) also hold for the complex trigonometric functions. 


Hyperbolic functions 


For all z in C, 
: 1 z —z 1 z —z 
sinh z = 5 (e —e*) and coshz = 5(e +e *). 


For all z in C— {(n+$)mi:neZ}, 


sinh z 1 
and sech z = ———. 
osh z cosh z 


For all z in C — {nri : n € Z}, 


tanh z = 


cosh z 1 
and cosechz = 


coth z = . 
sinh z sinh z 
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16. 


17. 


18. 


(a) The zeros of sinh are given by 
sinhz=0 4> z=nri, fornez. 
(b) The zeros of cosh are given by 
coshz= 0 =} z= (n+ td for n E€ Z. 
Theorem For all z in C, 
sin(iz) =isinhz and cos(iz) = cosh z, 
sinh(iz) =isinz and cosh(iz) = cos z. 
Hyperbolic identities All the standard identities satisfied by the 


real hyperbolic functions also hold for the complex hyperbolic 
functions. 


Section 5 Logarithms and powers 


1. 


For z € C — {0}, the principal logarithm of z is 
Log z = log |z| + i Arg z. 


The function z —> Log z is called the principal logarithm function. 


. If z is real and positive (that is, z = x + Oi, where x > 0), then 


Log z = Log x = log x. 


. Log is the inverse function of 


fae (ze{r+iy:-r<y <a), 
and it satisfies 

el87 =z, forz EC- {0}, 

Log(e*) =z, for zé€{x+iy:-t<y <a}. 


. Logarithmic identities 


(a) Multiplication 

Log(z122) = Log z1 + Log zg, if Arg z1, Arg z2 E€ (—1/2, 7/2]. 
(b) Reciprocals 

Log(1/z) = — Logz, if Argz E€ (—7,7). 


. Item 4(a) holds in the following form for any zu, z2 € C — {0}: 


Log(z1z2) = Log z1 + Log z2 + änt, 


where n is —1, 0 or 1 depending on whether Arg z1 + Arg z2 is greater 
than 7, lies in the interval (—7, 7], or is less than or equal to =r. 


. The geometric nature of Log 


(a) The circle centred at 0 of radius r is mapped to the line segment 
u = logr, =r < v < T (where w = u + iv). 
(b) The ray Arg z = @ is mapped to the horizontal line v = 6. 


. For z,a € C, with z Æ 0, the principal ath power of z is 


z“ = exp(a Log z). 


(This agrees with the usual meaning of 2° for a = n or a = Lin, 
where n € N.) 


The function z —> z° is called the principal ath power function. 
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Unit A3 Continuity 


Section 1 Sequences 


1. A (complex) sequence is an unending list of complex numbers 
215 225 23 +20 


The complex number zn is called the nth term of the sequence and 
the sequence is denoted by (zn). 


2. The sequence (z,,) is convergent with limit a, or converges to a, 


22 
or tends to a, if for each positive number e, there is an integer N A e ew 
such that e 
Wi 
Loun ol ee, foralln>N. / Py 
/ ` 


If (zn) converges to a, then we write l 


GE 
e either lim zp, =a \ ES 
n— o0 N 
N 


e or Zn > Q as n —> œ. -r 
If the limit a is 0, then (zn) is called a null sequence. 


3. (a) Ifa sequence (zn) is convergent, then it has a unique limit. 


(b) Ifa sequence converges to a, then this remains true if we add, 
delete or alter a finite number of terms. 


4. The sequence (zn) converges to a if and only if (zn — a) is a null 
sequence. That is, 


Zn > a as n—> œ 4> Zn — a —> 0 asn > oœ. 


5. A sequence (zn) is constant if there is a number a with zn = q, 
n = 1,2,..., in which case the sequence converges to œ. 


6. Squeeze Rule If (an) is a real null sequence of non-negative terms, 
and if 


halan Tora, es. 
then (zn) is a null sequence. 
7. When the inequality 
l2n| < an 


holds for n = 1,2,... (or even for all but a finite number of terms of 
the sequence), we say that the real sequence (an) dominates the 
sequence (zn). 


8. Basic null sequences The following sequences are null: 


(a) (=). pups 


(b) (a”), for ja| <1. 
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9. Combination Rules for Sequences If lim Zn = a and 
lim wn = 8, then 
Lk de 
(a) Sum Rule lim (zn + Un) =a+ 8 
(b) Multiple Rule lim (Azn) An, where à €C 
Lk de 
(c 


) Product Rule lim (z,w,) = af 
Lk de d 


(d) Quotient Rule lim (=) =2 provided that 6 4 0. 


noo \ Wn B’ 
10. Theorem If lim zn =a, then 
Lk oo 

(a) lim [2n| = al 
(b) lim 7 =a 

n 
(c) lim Rez, = Rea 

Lk de 
(d) lim Fons, = Ima. 

Lk o0 


11. A sequence that is not convergent is divergent. 


A E 12. The sequence (zn) tends to infinity if, for each positive number M, 
8 there is an integer N such that 
e |n| > M, for alla > N. 
Z1 e P 
2a | *8 In this case we write 


Zn > CO as n A OO. 


13. Reciprocal Rule for Sequences Let (zn) be a sequence. Then 


Zn > 00 as n — 00 
if and only if 
(1/zn) is a null sequence. 


14. Let (nz) be a sequence of positive integers that is strictly increasing; 
that is, ny < na < ng <. 


Then the sequence (zn,) is a subsequence of the sequence (zn). 
15. In particular, (Gar) is the even subsequence and (z2,_1) is the odd 
subsequence of (zn). 
16. Subsequence Rules 
(a) First Subsequence Rule The sequence (zn) is divergent 
if (zn) has two convergent subsequences with different limits. 
(b) Second Subsequence Rule The sequence (zn) is divergent 
if (zn) has a subsequence that tends to infinity. 
17. Theorem 
(a) H |a| > 1, then the sequence (a”) tends to infinity. 
(b) If la] = 1 and a¥1, then the sequence (a”) is divergent. 
18. A sequence (zn) is bounded if there is a positive number M such 
that Jee M; for n= 12,5. 


Every convergent sequence is bounded, but not every bounded 
sequence is convergent. 
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Section 2 
1. Continuity: sequential definition Let f: A — C and oe A. 


Continuous functions 


Then f is continuous at a if, for each sequence (zn) in A such that 
Zn A &, we have 


f (En) > Fle); 
that is, 
Zn >a => f(zn)> fla). 


If f is continuous at each a in A, then we say that f is continuous 
(on A). 


. Let f: A — C and a € A. If f is not continuous at a, then we say 
that f is discontinuous at a. 


. Continuity: e-ô definition Let f: A —» Cand a € A. Then f is 
continuous at a if, for each £ > 0, there is a 6 > 0 such that 


If(z) — Fla)| < e, 


for all z € A with |z — a| < ô. 


A 


Geess 7 e "EN 
d EN ~-----.__| @ E N 
N 7 SC | e Tod 
~— | \ See) 
\ 
D 7 
> rome > 


. Theorem The «-6 definition of continuity is equivalent to the 
sequential definition of continuity. 


. Strategy for determining whether a function is continuous 


To determine whether a function f: A —> C is continuous at a 
point o in A, apply the following steps. 


(1) 
(2) 


Guess whether f is continuous or discontinuous at o. 

If you believe that f is continuous at a, then check that 
Zn > A => F (en) > fla) 

for every sequence (zn) in A that tends to a. 


(3) 


If you believe that f is discontinuous at a, then find just one 
sequence (zn) in A such that zn > a but f(zn) A f(a). 


In step 2 you may choose to use the ¢-6 definition of continuity instead 
of the sequential definition. 
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. Combination Rules for Continuous Functions Let f and g be 


functions that are continuous at o. 

(a) Sum Rule f +4 is continuous at a. 

(b) Multiple Rule Af is continuous at a, for À € C. 

(c) Product Rule fg is continuous at a. 

(d) Quotient Rule f/g is continuous at a, provided that g(a) Æ 0. 


. Composition Rule for Continuous Functions Let f bea 


function that is continuous at a, and let g be a function that is 
continuous at f(a). Then go f is continuous at a. 


. Restriction Rule for Continuous Functions Let f and g be 


complex functions with domains A and B, respectively, and let 
ACB. If 


e f(z) = g(z), bor zeA 
e g is continuous at a € A, 


then f is continuous at a. 


. Basic continuous functions The following functions are 


continuous: 
(a) polynomial and rational functions 

(b) f(z) =|z2|, Z, Rez, Imz 

(c) f(z) =e 

(d) trigonometric and hyperbolic functions 

(el f(z) =Argz, Logz, z“, onC—{xeER:x< 0}. 


The functions f(z) = Arg z, Log z, am, for a € C — Z, are discontinuous 
at each point of {x € R: x < 0}. 


Section 3 Limits of functions 


1. 


2. 


The point a is a limit point of a set A in C if there is a sequence (zn) 
in A — {a} such that 


lim z, =a@. 
noo 


Limit: sequential definition Let f be a function with domain A, 
and suppose that a is a limit point of A. Then the function f has 
limit G as z tends to a if, for each sequence (zn) in A — {a} such 
that zn + a, we have 


f (Zn) > B. 
In this case we write 
e either lim f(z) = 
e or f(z) > as z > q, 


and we say that the limit exists. 
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3. Since the sequences considered lie in A — {a}, the value f(a) need not 
be defined in order for lim f(z) to exist. Even when f(a) is defined, 


its value has no bearing on the existence or the value of this limit. 

4. Limit: -ô definition Let f: A —> and suppose that a is a limit 
point of A. Then the function f has limit G as z tends to a if, for 
each € > 0, there is a ô > 0 such that 

\f(z) -B\|<e, for all z €A- {a} with |z-—a| < ô. 

5. The e-6 definition of the limit of a function is equivalent to the 
sequential definition of the limit of a function. 

6. Strategy for proving that a limit does not exist To prove that 
lim f(z) does not exist, where a is a limit point of the domain A of 
E a 
the function f: 

e either find two sequences (zn) and (z/,) in A — {a} that both tend 
to a such that the sequences (f(zn)) and (f(z},)) have different limits 

e or find a sequence (zn) in A — {a} that tends to a such that the 
sequence (f(z,)) tends to infinity. 

7. Theorem Let f be a function with domain A and suppose that the 
point a € A is a limit point of A. Then 

f is continuous at a = > lim f(z) = f(a). 
Za 

8. Combination Rules for Limits of Functions Let f and g be 
functions with domains A and B, respectively, and suppose that a is a 
limit point of AN B. If 

lim f(z) =6 and lim g(z) =, 
then 
(a) Sum Rule lim(f(z) +9(2))=8-+9 
b) Multiple Rule lim(Af(z))=A6, for AEC 
Za 


( 
(c) Product Rule lim (Flz)jg))= Ba 
(d) Quotient Rule lim (f (2)/g(2)) = B/y, provided that y Æ 0. 
Section 4 Regions a aN 
P A Ann \ 
1. A set A in C is open if each point a in A is the centre of some open á GEES si \ 
disc lying entirely in A. ` A 7 ] 
2. The empty set Ø is open, as is the set C. Any open half-plane or open “a y 
disc is an open set. —— 


3. Combination Rules for Open Sets If A; and Ag are open sets, 
then so are 


(a) A; U Ao 
(b) Aı N Ao. 
4. If Aj, Ag,..., An are open sets, then so are 


(a) A, U Ap U---U An 
(b) A, N Ag NANN An. 
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. A set A in C is (pathwise) connected if any two distinct points a 


and 8 in A can be joined by a path lying entirely in A. 


. A connected set in which any two distinct points o and 8 can be joined 


by a line segment that lies entirely within the set is called convex. 


. Theorem Let f be a continuous function whose domain A is 


connected. Then the image set f(A) is also connected. 


8. A region is a non-empty, connected, open subset of C. 


10. 


. Basic regions The following subsets of C are regions: 


e any open disc 

e any open half-plane 

e the complement of any closed disc 

e any open annulus 

e any open rectangle 

e any open sector (including cut planes) 
e the set C itself. 


Theorem If R is a region and on, @2,...,@n E R, then 
R — {ay,Q2,..., Qn} is also a region. 


Section 5 The Extreme Value Theorem 


. A set E in C is closed if its complement C — E is open. 


. The empty set Ø is closed, as is the set C. Every single element set 


{a} is closed. Any closed half-plane or closed disc is a closed set. 


. If E is a closed set and (zp) is a convergent sequence in E with limit a, 


then a € E. 


. Combination Rules for Closed Sets If E and E: are closed sets, 


then so are 
(a) Ei U E» 
(b) BE, N Eo. 


. If E1, Eo,..., En are closed sets, then so are 


(a) Ey UFQU---UE, 
(b) EAEN- NEn. 


. Warning! If a set contains some but not all of its boundary points, 


then it is neither open nor closed. The sets C and Ø are the only 
subsets of C that are both open and closed. 


. A set E in C is bounded if it is contained in some closed disc. A set 


is unbounded if it is not bounded. 


. A set E in C is compact if it is closed and bounded. 


9. Extreme Value Theorem Let f be a function that is continuous 


on a compact set Æ. Then there are numbers o and £ in E such that 


\f(B)| < |f(z)| < fla), for all z € E. 


10. 


ti: 


12. 


13. 


14. 


15. 


16. 


A function f whose domain contains a set E is said to be bounded 
on E if the set f(E) is a bounded set. If f is not bounded on E, then 
it is said to be unbounded on E. 


Boundedness Theorem Let f be a function that is continuous on 
a compact set E. Then there is a number M such that 


|f(z)|< M, for all z € EF. 


Theorem Let f be a function that is continuous on a compact 
set E. Then f(E) is compact. 
Let A be a subset of C, and let a € C. Then 


e q is an interior point of A if there is an open disc centred at o 
that lies entirely in A 


e ais an exterior point of A if there is an open disc centred at a 
that lies entirely outside A. 


The set of interior points of A forms the interior int A of A, and the 
set of exterior points of A forms the exterior ext A of A. 


Let A be a subset of C and let a € C. Then a is a boundary point 
of A if each open disc centred at o contains at least one point of A and 
at least one point of C — A. 


The set of boundary points of A forms the boundary OA of A. 
The sets int A, ext A and OA are disjoint and 

OA =C — (int A U ext A). 
Theorem If A is a subset of C, then 


(a) int A and ext A are open 
(b) OA is closed. 
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Unit A4 Differentiation 


Section 1 Derivatives of complex functions 


1. 


Let f be a complex function whose domain contains the point a. Then 
the derivative of f at a is 


pp KHa) ( 


Za Z-@Q@ h->0 h 


EN 


provided that this limit exists. If it does exist, then f is 
differentiable at a. If f is differentiable at every point of a set A, 
then f is differentiable on A. A function is differentiable if it is 
differentiable on its domain. 


The derivative of f at o is denoted by f'(a), and the function 
fir z+ fiz) 


is called the derivative of the function f. The domain of f’ is the 
set of all complex numbers at which f is differentiable. 


d d 
. The derivative f’(z) is sometimes written as Zu or —(f(z)). 


dz dz 


. Let f be a complex function. The higher-order derivatives of f 


are obtained by repeated differentiation: 
Gre BEE, Yor’ EE, and soon, 
The nth derivative of f is the function f™. 


. A function is entire if it is differentiable on the whole of C. 


5. Polynomial functions, exp, sin, cos, sinh and cosh are all entire 


functions. Log, tan, tanh and z > 2%, for a £0,1,2,..., are not 
entire functions; each of them is differentiable only on a proper subset 
of C. 


. A function that is differentiable on a region R is said to be analytic 


on R. If the domain of a function f is a region, and if f is 
differentiable on its domain, then f is said to be analytic. A function 
is analytic at a point a if it is differentiable on a region containing a. 


. Theorem Let f be a complex function that is differentiable at a. 


Then f is continuous at a. 


. Linear Approximation Theorem Let f be a complex function 


that is differentiable at a. Then f can be approximated near o by a 
linear polynomial. More precisely, 


f(z) = fla) + (2 - a) f'(a) + e(2), 


where e is an ‘error function’ satisfying e(z)/(z — a) > 0 as z > a. 


Unit A4 Differentiation, Section 1 


9. Geometric interpretation of derivatives If f'(a) #0, then, toa 
close approximation, 


f(z) - fla) & f'(a)\(z-a), for z near to a. 
Multiplication of z — a by f'(a) has the effect of scaling z — a by the 
factor | f’(@)| and rotating it about 0 through the angle Arg f'(a). 


A A 


f(z) 


scale by 


a as Lol 


oe Z rotate by 


flad Arg f'(a) 


To a close approximation, f maps a small disc centred at œ to a small 
disc centred at f(a). In the process, the disc is scaled by the factor 
| f’(a)|, and rotated about its centre through the angle Arg f'(a). 


A A 


scale by 


J, Lie) 
rotate by 


) Arg f'(a) 


> > 


10. Combination Rules for Differentiation Let f and g be complex 
functions with domains A and B, respectively, and let o be a limit 
point of AN B. If f and g are differentiable at a, then 


(a) Sum Rule f +g is differentiable at a, and 
(f + 9)'(a) = f'(a) + g'(a) 
(b) Multiple Rule Af is differentiable at a, for A € C, and 
(AF) (a) = Af (a) 
(c) Product Rule fg is differentiable at a, and 
(F9) (a) = f'(a)g(a) + fla)g' (a) 
(d) Quotient Rule f/g is differentiable at a (provided that 
g(a) # 0), and 
IN, gla) f(a) — fla)g'(@) 
lei = A 
g (g(a)) 
11. Reciprocal Rule for Differentiation Let f be a function that is 


differentiable at a. If f(a) #0, then 1/f is differentiable at a, and 


lu - äs 
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12. 


13. 
14. 


15. 


Differentiating Polynomial Functions Let p be the polynomial 
function 


p(z) = anz” +---+a927+ajz+a9 (z€C), 

where ag, @1,.--,@, € C and an # 0. Then p is entire with derivative 
p(z) =nanz” 1 4---+2agz+a, (z€C). 

Rational functions are analytic. 


Strategy A for non-differentiability If f is discontinuous at a, 

then f is not differentiable at a. 

Strategy B for non-differentiability To prove that a function f is 

not differentiable at a, apply the strategy for proving that a limit does 

not exist (item 6 in Section 3 of Unit A3) to the difference quotient 
f(z) = F(a) 


aa CR 


Section 2 The Cauchy—Riemann equations 


1. 


Let u: A — R be a function whose domain A is a subset of R? that 
contains the point (a, b). 


e The partial derivative of u with respect to x at (a,b), 


Ou 
denoted — (a, b), is the derivative of the function x —> u(x, b) 
at x =a, provided that this derivative exists. 
e The partial derivative of u with respect to y at (a,b), 


denoted aa, b), is the derivative of the function y > u(a, y) 


at y = b, provided that this derivative exists. 


. Cauchy—Riemann Theorem Let f(x + iy) = u(z,y) + iv(x,y) be 


defined on a region R containing a + ib. 

If f is differentiable at a+ ib, then 
Ox’ Oy’ Ox’ Oy 

exist at (a,b) and satisfy the Cauchy—Riemann equations 
Ou Ov Ov Ou 


Jz © b) = By b) and PGi b) = oy b). 


. Strategy C for non-differentiability 


Let f(x + iy) = u(x, y) + iv(x, y). If either 


Ou Ov Ov Ou 
al b) # By b) or Fy b) # "ale b), 


then f is not differentiable at a ib. 


4. Cauchy—Riemann Converse Theorem 
Let f(x + iy) = u(x, ul + iv(x,y) be defined on a region R containing 


du du dv dv 
Ox’ Oy’ Ox’ Oy 
e exist at (x,y) for each z + iy ER 


a + ib. If the partial derivatives 


e are continuous at (a,b) 
e satisfy the Cauchy—Riemann equations at (a,b), 
then f is differentiable at a+ ib and 

Ou Ov 


f'(a+ib) = az ©) + Lalin b). 


Section 3 Rules for manipulating 
differentiable functions 


1. Chain Rule Let f and g be complex functions, and let o be a limit 
point of the domain of go f. If f is differentiable at a, and g is 
differentiable at f(a), then go f is differentiable at a, and 


(g0 f) (a) =9'(f(a)) f (a). 


2. Inverse Function Rule Let f: A —> B be a one-to-one complex 
function, and suppose that f~! is continuous at 6 € B. If f has a 
non-zero derivative at f~'(8) € A, then f~! is differentiable at 8 and 


1 


=i — 
U O = ay 


. Restriction Rule for Differentiation Let f and g be complex 
functions with domains A and B, respectively, and let A C B. fa € A 


is a limit point of A and 

e f(z) =g(z), forzeA 

e g is differentiable at a, 

then f is differentiable at a, and f'(a) = g'(a). 


. Standard derivatives 


f(z) f'(z) | Domain of H 

a, acC 0 C 

zb keZ, k>0|kz t |C 

2, keZ, k<0 | kz"! |C- {0} 

Sp, acC-zZ az! | C-{reER:2< 0} 

exp Zz exp z C 

Log z Lis C—{xeER:2<0} 
sinz lees IC 
COS z —sinz | C 

tan z sec? z C-—{(n+5)r:neZ} 
oie la 
cosh z sinhz | C 

tanh z sech? z C—{(n+ 5)ri:neZ} 
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r v9) Section 4 Smooth paths 
1. Tangent vectors to paths Let T be a path with parametrisation 
"tel y: I — C, and suppose that c € I. If y is differentiable at c and if 
y'(c) £0, then y‘(c) can be interpreted geometrically as a tangent 
T vector to the path T at the point y(c). 


2. Theorem Let ¢ and w be real functions, both with domain an 
interval J. Then the parametrisation 


y(t) =p) + ipt) (el 


is differentiable at a point c € J if and only if both ọ and w are 
differentiable at c. If o and w are differentiable at c, then 


ail = ¢'(c) + iy el, 


3. A parametrisation y: I —> C is smooth if 


e y is differentiable on I 
e zl is continuous on T 


e ~’ is non-zero on T. 
A path is smooth if it has a smooth parametrisation. 


4. Images of tangent vectors Let f be a function that is analytic on 
a region R, and suppose that f'(a) #0 for some a € R. IfT isa 
smooth path in R that passes through a, then the tangent vector to 
the image path f(T) at f(a) can be obtained from the tangent vector 
toT at a by a rotation through the angle Arg f'(a) and a scaling by 
the factor (ff Lol, 


5. Suppose that Ty and Uz are two smooth paths with parametrisations 
yı: I, — C and %2: Ig — C that intersect at the point 
a = 1(t1) = y2(t2). Then the angle from T; to Tə at a is 


E) 


6. A function that is analytic at a point a is said to be conformal at o 
if the angle from any smooth path through o to any other smooth 
path through a is preserved by the function. A function is conformal 
on a set S if it is conformal at every point of S. A function is 
conformal if it is conformal on its domain, in which case it is called a 


conformal mapping. 


7. Theorem Let f be a function that is analytic at a point a. Then f 
is conformal at a if and only if f'(a) 4 0. 


8. Smooth paths that meet at right angles are said to be orthogonal. 
An orthogonal grid is a grid made up of orthogonal smooth paths. 
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Unit B1 Integration 


Section 1 revises the definition and main properties of the integration of 
real functions, and motivates the integration of complex functions. 


Section 2 Integrating complex functions 


1. Let f: [a,b] — C be a complex function with real part u = Re f and 
imaginary part v = Im f, so f(t) = u(t) + iv(t), for t € [a,b]. Then 


| tox- f oasi f ooa 


2. Let T : y(t) (t € [a,b]) be a smooth path in C, and let f be a function 
that is continuous on I’. Then the integral of f along the path T, 


denoted by f #2) dz o ff, is 
f T 


b 
[ f(2)dz = f FAE) VE) dt. 


The integral is evaluated by splitting f(y(t)) y‘(t) into its real and 


imaginary parts u(t) = Bet Hits Tä) and v(t) = Im (f(9(8)) 7"), 
and evaluating the resulting pair of real integrals, 


b b b 
f iw "(t) dt = / ude if BEN 
3. A convenient way to remember this definition is to write 
gat), dz=7' (6) dt. 


4. Theorem Let q1: [a1, b1] —> C and as: Jos, b2] —> C be two smooth 
parametrisations of paths with the same initial point, final point and 
image set I such that yı and %2 are one-to-one on Jon, b1) and [a2, b2), 
respectively. Let f be a function that is continuous on I. Then 


d 
[1 j initial point 


does not depend on which parametrisation yı or y2 is used. 

5. A contour T is a path that can be subdivided into a finite number of D 
smooth paths I1,I2,...,In joined end to end. The order of these 
constituent smooth paths is indicated by writing 


P= Ti lop EK E 
The initial point of Uis the initial point of Ur, and the final point D3 
of I is the final point of UA, 
6. Let T=P, +r +.: +T be a contour, and let f be a function that final point 
is continuous on I. Then the (contour) integral of f along I, T4 


denoted by (oa dz o ff, is 
P T 


f EE Jors] PH ss / Fe) dz. 
T rı Tə 


n 
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7. The value of a contour integral is independent of the way that the 
contour is split into smooth paths. 


8. Combination Rules for Contour Integrals Let I be a contour, 
and let f and g be functions that are continuous on T. 


(a) Sum Rule Lu asi - [teas f ged 


(b) Multiple Rule f Af(z)dz = af f(z)dz, where A €C. 
P T 


9. Let T : y(t) (t € [a,b]) be a smooth path. Then the reverse path 
of T, denoted by I, is the path with parametrisation 7, where 
7(t)=yatb—t) (te (a,b). 
10. As sets, T and T are the same. 


T 2 
: 11. Let T=, +02+---+T, be a contour. The reverse contour I 
of I is 
T2 RS 7 
T=T,4+Tpn-1+-:- +4. 
I's 12. Reverse Contour Theorem Let T be a contour, and let f bea 


function that is continuous on I’. Then the integral of f along the 
reverse contour I of T satisfies 


f tods- | Fear 


Section 3 Evaluating contour integrals 


1. Let f and F be functions defined on a region R. Then F is a 
primitive of f on R if F is analytic on R and 


F'(z)=f(z), ne all sek, 


2. Fundamental Theorem of Calculus Let f be a function that is 
continuous and has a primitive F on a region R, and let I be a 
contour in R with initial point o and final point 6. Then 


f f(2) dz = F(8) — F(a) = [F(2)]°. 


3. Contour Independence Theorem Let f be a function that is 
continuous and has a primitive F on a region R, and let Tı and T2 be 
contours in R with the same initial point œ and the same final point 2. 
Then 


fizjdz = f(z) dz. 
Ty T2 


4. Integration by Parts Let f and g be functions that are analytic on 
a region R, and suppose that f’ and g’ are continuous on R. Let I be 
a contour in R with initial point o and final point 6. Then 


f Fag (2) dz = [Fe] - d f'(2q(2) de. 
Is T 
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5. A path or contour I is closed if its initial and final points coincide. 


6. IfT is a closed contour, then the value of any contour integral along T 
does not depend on the choice of initial point of T. 


7. Closed Contour Theorem Let f be a function that is continuous 
and has a primitive F on a region R. Then 


H f(z) dz =0, 


SS n, 


for any closed contour T in R. it ~ 


ON 
7 ` 
8. A grid path is a contour each of whose constituent smooth paths is a á s \ 
line segment parallel to either the real axis or the imaginary axis. L L S ) 
9. Grid Path Theorem Any two points in a region R can be joined S e 


<- 


by a grid path in R. 


10. Zero Derivative Theorem Let f be a function that is analytic on 
a region R, and let f'(z) = 0, for all z in R. Then f is constant on R. 


Section 4 Estimating contour integrals 


1. Let T : y(t) (t € [a,b]) be a smooth path. Then the length of the 
path T is 


b 
L(T) = f |y (t)| dt. 
a 
The length of a contour is the sum of the lengths of its constituent 
smooth paths. 


2. The length of a smooth path T : y(t) (t € fa, b]) is unchanged if y is 
replaced by any other smooth parametrisation of T. 


A smooth path and its reverse path have the same length. 


The length of a contour is independent of the way that the contour is 
split into smooth paths. 


3. Estimation Theorem Let f be a function that is continuous on a 
contour I of length L, with 


f(D <M, forzet, 
Then 


(EE 


4. Let g: [a,b] — C be a continuous function. Then 


J OD < Toma 


< ML. 
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Unit B2 Cauchy’s Theorem 


Section 1 Cauchy’s Theorem 
1. A path T : y(t) (t € [a, b]) is simple if y is one-to-one on fa, b]. 


A pathT : y(t) (t € [a,b]) is simple-closed if it is closed and y is 
one-to-one on |a, b). 


Since a contour is a special type of path, we also speak of simple 
contours and simple-closed contours. 


fF Uh UG 


simple not simple simple-closed not simple-closed 


. Jordan Curve Theorem The complement C —T of a simple-closed 


path T is the union of two disjoint regions, one bounded and the other 
unbounded. 


. The bounded region in the complement of a simple-closed path T is 


called the inside of I and the unbounded region is called the outside 
ofT. 


. A region R is simply connected if, whenever T is a simple-closed 


path lying in R, the inside of T also lies in R. 


. To identify simply connected regions, we usually use the more informal 


definition that a region is simply connected if there are no holes in it. 


- Gs, Le ~ 
P N P gë N 
I R p IR no ) 
—— l mg 
simply connected not simply connected 


. Cauchy’s Theorem Let R be a simply connected region, and let f 


be a function that is analytic on R. Then 


[ f(2)dz = 0, 


for any closed contour I in R. 


. Contour Independence Theorem Let R be a simply connected 


region, let f be a function that is analytic on R, and let Ty and T2 be 
contours in R with the same initial point a@ and the same final point 8. 
Then 


flz)dz= f(z) dz. 
P Ts 


. Convention Unless otherwise specified, any simple-closed contour T 


appearing in a contour integral will be assumed to be traversed once 
anticlockwise, with the inside of I on the left. 
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9. Shrinking Contour Theorem Let R be a simply connected region, 


let [ be a simple-closed contour in R, let o be a point inside T, and 
let f be a function that is analytic on R — {a}. Then 


f f(2dz= i. f(e) dz, 


where C is any circle lying inside I with centre a. 


Section 2 Cauchy’s Integral Formula 


1. Cauchy’s Integral Formula Let R be a simply connected region, 
let [ be a simple-closed contour in R, and let f be a function that is 
analytic on R. Then 

1 f(z) 
= — | ——d 
We 2ri Jp z-a “i 
for any point a inside I. 


2. Liouville’s Theorem Every bounded entire function is a constant 
function. 


3. Fundamental Theorem of Algebra Every non-constant 
polynomial function has at least one zero. 


4. Any polynomial function p of degree n > 1 can be expressed in the 
form 
p(z) = a(z — ai) (z — a2) ++: (z — an), 
where a is a non-zero complex number and oi, oz... ou € C are all 
zeros of p, some of which may be repeated. 


Section 3 Cauchy’s Derivative Formulas 


1. Cauchy’s First Derivative Formula Let R be a simply connected 


region, let I be a simple-closed contour in R, and let f be a function 
that is analytic on R. Then 
1 f(z) 
f 
= — | —— d 
Fa) Qi [ (z-a)? = 
for any point a inside I. 


2. Cauchy’s nth Derivative Formula Let R be a simply connected 
region, let I’ be a simple-closed contour in R, and let f be a function 
that is analytic on R. Then, for any point a inside I, f is n-times 
differentiable at o and 


(nea nl f(z) = 
pa) = oni Laien dz, torn = 1,2) res: 
3. Analyticity of Derivatives Let R be a region, and let f bea 
function that is analytic on R. Then f possesses derivatives of all 


orders on R, so PU). f2), Pä... are all analytic on R. 


e 


-m 
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Section 4 Revision of contour integration 


1. Contour integrals can be evaluated by the following methods: 


e Parametrisation (using the definition of a contour integral) — items 2 
and 6 in Section 2 of Unit B1 

e Closed Contour Theorem — item 7 in Section 3 of Unit B1 

e Cauchy’s Theorem — item 6 in Section 1 of Unit B2 

e Cauchy’s Integral Formula — item 1 in Section 2 of Unit B2 

e Cauchy’s nth Derivative Formula — item 2 in Section 3 of Unit B2. 

See also Cauchy’s Residue Theorem — item 1 in Section 2 of Unit C1. 
2. The partial fraction expansion of an expression 1/r(z), where 


r(z) = (2—a1)(z — a2) +++ (z — an) 


and a1, @2,...,@n are distinct, has the form 
1 Ar , As, ae An 
r(z) SZ Z= An 


To determine the complex numbers An, Ao,..., An, multiply both sides 
by r(z), and then equate coefficients of powers of z. 


A factor (z — a)™ in r(z) leads to a sum of m terms 
Bı Bə Bn 
ETS Ge Tiea 


in the partial fraction expansion of 1/r(z). 


3. Strategy for evaluating contour integrals To evaluate the 


Zz 
integral f LOP where 
r p(z) 
e T is a simple-closed contour 
e g is analytic on a simply connected region containing T 


e p is a polynomial function with no zeros on T: 
TS zeros of r 


-7 (1) Factorise p(z) as r(z)s(z), where the zeros of r lie inside T and 
A the zeros of s lie outside I. Then the function f = g/s is analytic 
e K on a simply connected region R that contains I but does not 
/ \ 
d } contain the zeros of s. 
\ I (2) Expand 1/r(z) in partial fractions. 
\ / 
rs Ir y (3) Expand D a dz as a sum of integrals that can be evaluated 
zerosofs 7 œ using Cauchy’s Integral and nth Derivative Formulas. 


Section 5 Proof of Cauchy’s Theorem 


1. Primitive Theorem Let f be a function that is analytic on a 
simply connected region R. Then f has a primitive on R. 


2. Morera’s Theorem Let f be a function that is continuous on a 
region R and satisfies 


f f(2)dz =0, 


for all rectangular contours I in R. Then f is analytic on R. 
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Unit B3 Taylor series 


Section 1 Complex series 


I. 


10. 


Given a sequence (zn) of complex numbers, the expression 
2+ 22+ 23+°°: 


is called an infinite series, or simply a series. The number zn is 
called the nth term of the series. 


The nth partial sum of the series is the complex number 


n 
Sn = 21 H 22 +: + Zn = ) Zk. 
k=1 


. We sometimes describe series as complex series. A real series is a 


series with terms that are all real numbers. 


. The complex series z + 22 + 23 +--- is convergent with sum s if the 


sequence (sn) of partial sums converges to s. In this case we say that 
the series converges to s, and write 


es 
Z4+22+23+°:::=s or J Zn = 8. 
n=1 


The series is divergent, and we say that it diverges, if the sequence 
(sn) diverges. 


. Theorem If `> Zn converges, then (zn) is a null sequence. 


n=l Gei 


. Non-null Test If the sequence (z,,) is not null, then the series Kä EN 


diverges. n=1 


. The converse of the Non-null Test is false, because if (zn) is a null 
Co 


sequence, then it does not follow that Kä Zn converges: it may 


converge or it may diverge. a= 


co 
. The series 3 az” =at+az+az?+---, where a,z€C, is called a 


n=0 
geometric series with common ratio z. 
CC 


. Geometric series Consider the series J az”, where a,z € C. 


n=0 
(a) If|z| <1, then the series converges to a/(1 — 2). 
(b) If|z| > 1 and a #0, then the series diverges. 


. Theorem The series 


CC 


converges if p > 1 and diverges if p < 1. 


When p = 1 we obtain the (divergent) harmonic series 


Se 
no 2 3 E 
n=1 
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11. 


12. 


13. 


14. 


15. 


16. 


Le 


18. 


CO CO 
Combination Rules for Series If the series KN Zn and Kë Wn 


both converge, then n=1 n=1 
OC CC ee 

(a) Sum Rule KC +wn) = `> Zn + `> Wn, 
n=1 n=1 n=1 


(b) Multiple Rule Kä dë Sa Kä Za, for AEC. 


n=l n=l 


oO OO 
Theorem The series Kä Zn, converges if and only if both `> Re Zn 
oo n=1 n=1 


and Kä Im zn converge. In this case 


n=1 

OC es OC 

J Zn = ) Rez, LI? Im Zn. 
n=1 n=1 n=1 


OC 
Comparison Test If Kä an is a convergent real series of 
n=1 
non-negative terms, and 
lg ten, torn = 1,9... 
CC 
then the series KS Zu converges. 


n=l 
ES 


The complex series Kä Zn is absolutely convergent (or converges 


n=1 Sie 


absolutely) if the real series `> |zn| is convergent. 
n=1 eS 

Absolute Convergence Test If the series > Zn is absolutely 

oo n=1 
convergent, then the series Kä Zn, converges. 

n=1 
The converse of the Absolute Convergence Test is false, because there 
are convergent series that do not converge absolutely. 

es 

Triangle Inequality for Series If the series Kä Zn is absolutely 


convergent, then nal 


oo oo 
> Zn] < X laal 
n=1 n=l 


OC 
Ratio Test Suppose that Kë Zn is a complex series for which 


Zn+1 n=l 


Zn 


—> las n —> oœ. 


CC 


(a) If0</l <1, then Kä Zn converges absolutely (so it converges). 


n= 


(b) If? > 1, then Kä Zn diverges. 


n=1 


Unit B3 Taylor series, Section 2 


19. The Ratio Test yields no information if l = 1. The case | > 1 includes 
Zn+1 


the situation where | | —> œ as n —> oœ. 


n 


Section 2 Power series 


1. An expression of the form 


es 

KE = ap Lous + agz7+---, 

n=0 
where z is a complex variable and a, € C, n = 0,1,2,..., is called 
a power series about 0. 


More generally, if a € C, then an expression of the form 


es 
X an(z- a)” = ao + a(z- a) +a2(z- a)? +, 
n=0 
where an € C, n = 0,1,2,..., is called a power series about a. 


2. A power series converges on a set S if, for each z € S, the 
corresponding series converges. 


co 
3. Let A= f- : Kä Gelz — a)” converges}. The function 


n=0 
F(z) = So an(z-a)” (zeA) 
n=0 


is called the sum function of the power series. 


4. Radius of Convergence Theorem For a given power series 


00 
S a(z- a)" = a9 tes - a) tele af 
n=0 

precisely one of the following possibilities occurs: 

(a) the series converges only for z = a 

(b) the series converges for all z 

(c) there is a number R > 0 such that 


Kä an(z — a)” converges (absolutely) if |z — a| < R, 
n=0 
and 


OC 
Kä an(z — a)” diverges if |z — a| > R. 
n=0 
5. The radius of convergence of a power series satisfying case (c) from 
the Radius of Convergence Theorem is the number R. 
We extend this definition of the radius of convergence R by 
writing R = 0 for case (a), and R = œo for case (b). 


6. All the convergence tests in Section 1 of Unit B3 can be applied to 
power series, since, for each value of z, a power series is just a series. 


* at this point 


l 


a 


series diverges 


/ 


~ 
a N 
4 ‘N 


S 2 
series converges ~ 


/ ° at this point \ 


series may or may not 
converge at this point 
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10. 


11. 


. Radius of Convergence Formula The power series 


Kä an(z — a)” 
n=0 


has radius of convergence 


provided that this limit exists (or is oo). 


. Let R be the radius of convergence of the power series 


Kä an(z— a)”. 
n=0 


Then the disc of convergence of the power series is the open disc 
{z :|z— a| < R}. The disc of convergence is interpreted to be the 
empty set Ø if R= 0, and to be C if R= on. 


. A power series may converge at none, some, or all of the points on the 


boundary of its disc of convergence. 


Differentiation Rule for Power Series The power series 
co Co 
Kä Gn(z—a)” and > nan(z — a)” 
n=0 n=1 
have the same radius of convergence R. Furthermore, if 
OC 
fle) =o an(z af 
n=0 
then f is analytic on the disc of convergence {z : |z — a| < R}, and 
OC 
ZLeiz 3 nan(z —a)"1, for |z—al <R. 
n=1 


Integration Rule for Power Series The power series 


Co Co a 
5 an(z— a)” and Kä 7 = i Ge or 
n=0 n=0 


have the same radius of convergence R. 


OC 
Furthermore, if f(z) = Kä an(z — a)”, then the function 
n=0 


F(z) =b +>) — 
n=0 


a . 
CH (z—a)"t!, where bo is any constant, 


is a primitive of f on {z : |z — a| < R}. 
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Section 3 Taylor’s Theorem 


1. 


Taylor’s Theorem Let f be a function that is analytic on the open 
disc D = {z : |z — a| <r}. Then 


œ fln) 
jes Kä f ta) (z- a)”, for ze D. 
n=0 


n: 


Moreover, this representation of f is unique, in the sense that if 
OC 
f(z) = KEE — a)”, bor se, 
n=0 


then an = f™(a)/n!, for n = 0,1,2,.... 


. In Taylor’s Theorem, the term f(”) (a) /n! makes sense for n = 0 


because, by convention, we take 0! = 1 and f(z) = f(z). 


. Let f be a function with derivatives f(a), f® (a), f(a),... at the 


point a. Then the power series 
oo gln) 
Kä f (a) (z _ a)” 
n! 
n=0 


is called the Taylor series about a for f. The coefficient f)(a)/n! 
is known as the nth Taylor coefficient of f at a. 


. The nth Taylor coefficient of f at o can be written as 


eC ay eee 
ol 


n! ` mi soit! 


where C is a circle centred at o that lies in the open disc 
D = {z : |z — a| <r} on which f is analytic. 


. Let f be an entire function. Then, for any point a, the Taylor series 


about a for f converges to f(z) for each z € C. 


. Let A be a set for which z € A if and only if —z € A. 


A function f: A —> C is an even function if 
f(-z) = f(z), forzeA, 
and f is an odd function if 


f(-—z)=-f(z), forzeA. 


. Theorem Let f be a function that is analytic at 0 with Taylor series 


about 0 given by 


f(z) = oS Gye” 
n=0 


(a) If f is an even function, then a, = 0 for n odd. 
(b) If f is an odd function, then an = 0 for n even. 


Thus if f is even, then its Taylor series about 0 has only even powers, 
and if f is odd, then its Taylor series about 0 has only odd powers. 
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8. Basic Taylor series 


10. 


(lazy t=l+242?24+234+---, for |2| <1 
e A. A 
expz=ltz+atatate for zEC 
gg 4 
Log(1 +z) =z 5 5 +--+, for |z| <1 

3 5 7 
: z z ra 
singz=z2- ar kaart for zEC 
2 4 6 
Zz Zz z 
cos z = 1 ao a een for z EC 
f SI z 
sinhz =z + ay t prta t for z EC 
2 4 6 
e z z 
cose = Dor a eg et for et 


. Binomial Series Let a € C. The binomial series about 0 for the 


function f(z) = (14+ z)® is 


(l+z)*=1+4+ Ch: (Ce: (Co: v forja <1, 


where 


(*) a(a — 1)(a —2)---(a=(n- 1) 


n n! 


If a is a positive integer or zero, then the binomial series reduces to a 
polynomial, so it converges for all z € C; otherwise, the series is a 
power series whose radius of convergence is 1. 


The coefficients (s) are called the binomial coefficients of the 
n 


binomial series. (See item 11 in Section 1 of Unit A1 for binomial 
coefficients using positive integers.) 


Section 4 Manipulating Taylor series 


L 


Combination Rules for Power Series Let 


Zait KN —a)”", for|z—a|<R, 
n=0 


g(z) = D —a)", for|z-al<R. 
n=0 
(a) Sum Rule Let r= min{R, R’}. Then 
(f +9)(z) = SECH +bn)(z-—a)”", for |z-—al <r. 
n=0 


(b) Multiple Rule IfA €C, then 


(Af)(z) = S ` Nan(2 — qa)”, for|z—al|<R. 
n=0 
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. Product Rule for Power Series Let 


f(2= Sat — qa)”, for |z—al<R, 
n=0 


g(z) = Se —a)”", for|z—a|<R’. 
n=0 
Let r = min{ R, RL Then 
Lais) =X cn(z- a)”, for |z-al <r, 
n=0 


where, for each positive integer n, 
Cn = aobn + a1bn—1 + A2bn—2 + +++ + anbo. 
. Substitution Rules for Power Series The substitution 
w=rz*, where \40,kEN, 
changes a power series in powers of w with radius of convergence R to 
a power series in powers of z with radius of convergence (/R/|Al. 
The substitution 


w=z+ß-a 


changes a power series in powers of w — 3 to a power series in powers 
of z — a, and preserves the radius of convergence. 


. Composition Rule for Power Series Let 


f= KE —a)", for |z—a|<R, 
n=0 


g(w) = KH — OI, for |w— 91 F. 
n=0 
If 8 = f(a), then, for some r > 0, 
g(f(z)) = Ke —a)", for |z—al <r, 
n=0 


where, for each n, the number cn is the coefficient of (z — a)” in 
n n k 
> bk E a(z — a!) : 
k=0 l=1 


. Make sure that you check the condition 8 = f(a) when applying the 
Composition Rule for Power Series. 


. Theorem Let f be a function that is analytic and unbounded on the 
open disc D = {z : |z — a| < R} centred at a of radius R. 


Then D is the disc of convergence for the Taylor series about o for f, 
so this Taylor series has radius of convergence R. 
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Section 5 The Uniqueness Theorem 


1. Let f be a function that is analytic at a. If 
fla) = fO (a) = fP (a) =- = fF (a) = 0, but fM(a) #0, 
then f has a zero of (finite) order k at a. 
A zero of order 1 is called a simple zero. 
2. Theorem A function f is analytic at a point a, and has a zero of 
order k at qa, if and only if, for some r > 0, 
f(z) =(z-a)*9(z), for |z—-a| <r, 
where g is a function that is analytic at a, and g(a) 4 0. 


3. Theorem Let f be a function that is analytic on a region R and not 
identically zero on R. Then any zero of f is of finite order. 

4. A zero a of a function f is said to be isolated if there is a disc centred 
at o that contains no other zeros of f. 


5. Isolated zeros A zero of finite order is isolated. 


6. Theorem Let f be a function that is analytic on a region R, and 
let S be a set of zeros of f in R that has a limit point in R. Then f is 
identically zero on R. 

7. We say that two functions f and g agree on a set S if f(z) = g(z), for 
al zes. 

8. Uniqueness Theorem Let f and g be functions that are analytic 
on a region R, and suppose that f and g agree on a subset S of R, 
where S has a limit point in R. Then f and g agree throughout R. 
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Unit B4 Laurent series 


Section 1 Singularities 


1. A function f has an isolated singularity or, more briefly, a 
singularity, at the point a if f is analytic on a punctured open disc 
{z:0<|z—a| <r}, where r > 0, but not at a itself. 


2. Let f be a function with domain A, and suppose that œ is a limit 
point of A. The function f tends to infinity as z tends to a if, for 
each sequence (zn) in A — {a} such that zn > a, we have 


f (Zn) > œ. 
(Or, equivalently, for each M > 0, there is a 6 > 0 such that 
|f(z)| >M, forall z € A with 0 < |z-a| <6.) 


We write f(z) > œ as z > a. 


3. Reciprocal Rule for Functions Let f be a function with 
domain A, and suppose that a is a limit point of A. Then 


i 1 
fiz) > œ%asz>a SS See 
4. lim = = 1. 
z>0 z 


5. Let f be a function that has a singularity at the point a. Then f has a 
removable singularity at a if there is a function g that is analytic 
on an open disc {z : |z — a| < r} such that 


f(z) =9(z), for0<|z-al<r. 


The function g is called an analytic extension of f 
to {z:|z-—al <r}. 

6. Let f be a function that has a singularity at the point a. Then f has a 
simple pole at a if there is a function g that is analytic on an open 
disc {z : |z — a| < r} such that g(a) # 0 and 

f(z) = ER for 0 < |z -a| <r. 
z-a 

7. Let f be a function that has a singularity at the point o Then f has a 
pole of order k at a if there is a function g that is analytic on an 
open disc {z : |z — a| < r} such that g(a) # 0 and 


Dad 


EECH for 0 < |z- a| <r. 


8. Let f be a function that has a singularity at the point œ. Then f has 
an essential singularity at a if the singularity at o is neither a 
removable singularity nor a pole. 


9. Theorem Let f be a function that has a singularity at the point a. 
If f(z) does not tend to a finite limit or to co as z tends to a, then f 
has an essential singularity at a. 
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Section 2 Laurent’s Theorem 


1. An expression of the form 


CC 


Kä pls al te Se total- alt 


where z is a complex variable, a € C and a, € C, for n € Z, is called 
an extended power series about a. 


n=— o0 


For a given z, the extended power series converges if the series 
OC 
3 an(z- a)” = ao + a(z — a) + a2(z - a) +, 


n=0 


O 1 a—2 


ie leas Cr 


both converge. 


These two series are called the analytic part and singular part of 
the extended power series, respectively. 


2. At a point z for which the extended power series converges, we can 
form the sum of the extended power series at z by adding the sums of 
the analytic and singular parts: 


CC 


Kä An(z— a)” = Kä An(z— a)” + Kä a-nlz- a)”. 
n=0 n=1 


n=— o0 


Co 
3. Let A= f: : KS an(z — a)” converges}, The function 
n=—0o 


CC 


Zen e Kä Gn(z—a)” (ze A) 


n=—0oo 
is called the sum function of the extended power series. 

4. If the analytic part of an extended power series has disc of convergence 
{z:|z—a| < s} and the singular part converges on {z : |z — a| > r}, 
then the extended power series has annulus of convergence 

A={z:|z-al|<s}N{z:|z-a| >r} 

={z:r<j|z-aļ|< s}. 

This set may take any one of the following forms: 
e an open annulus (0<r< s< el 
e a punctured open disce (r =0 < s< ov) 
e a punctured plane (r =0, s= œœ) 
e the outside of a closed dise (0 < r < s = œœ) 
e the empty set (r > s). 


5. 


10. 


11. 


Unit B4 Laurent series, Section 2 


Laurent’s Theorem Let f be a function that is analytic on the 
open annulus 


A={z:r<|z-—a|<s}, whereO0<r<s<o. 


Then 


1 f(z) 
n= OF Beete for n € Z, 
and C is any circle lying in A with centre a. 


Moreover, this representation of f on A as an extended power series 
about o is unique. 


. The representation 


CC 


fiz)= Kä Gn(z—a)", for zeA, 


n=— oo 


determined by Laurent’s Theorem is called the Laurent series 
about o for the function f on the annulus A. 


. If A is a punctured open disc, then the representation is called the 


Laurent series about o for the function f. 


. A function f may have different Laurent series about o on different 


annuli. 


. A Laurent series may converge at none, some, or all of the points on 


the boundary of its annulus of convergence. 


Theorem Let f be a function that has a singularity at the point a, 


and suppose that the Laurent series about o for f is 
es 


fe) = A aale a, 


n=—00 

Then 

(a) f has a removable singularity at a if and only if 
an = 0 for all n < 0 

(b) f has a pole of order k € N at a if and only if 
a-k #0 and a, = 0 for all n < —k 

(c) f has an essential singularity at a if and only if 
an # 0 for infinitely many n < 0. 


Laurent series can be obtained from known Taylor series by using 
substitutions and by using partial fractions. 
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Section 3 Behaviour near a singularity 


1. 


Theorem Let f be a function that has a singularity at the point a. 
Then the following statements are equivalent: 


(a) f has a removable singularity at o 

(b) lim f(z) exists 

(c) fis bounded on {z : 0 < |z — a| < r}, for some r > 0 
(a) tim(z- a) f(z) = 0. 


. Theorem Let f be a function that has a singularity at the point a, 


and let k € N. Then the following statements are equivalent: 
(a) f has a pole of order k at a 
(b) lim (z —a)* f(z) exists, and is non-zero 


(c) 1/f has a removable singularity at œ which, when removed, gives 
rise to a zero of order k at a. 


. Let f be a function that has a singularity at the point a. Then f hasa 


pole at a if and only if 


f(z) >was za. 


. Casorati—Weierstrass Theorem Suppose that a function f has an 


essential singularity at a. Let D be any punctured open disc 
{z:0< |z—a| < 6} centred at a, and let w be any complex number. 
Then, for any positive number e, 


there exists z € D such that |f(z) — w| < e. 


Section 4 Evaluating integrals using 
Laurent series 


1. 


Let f be a function that is analytic on the punctured disc 
D={z:0< |z-—a| <r}. Then 
f EE dw = 2rian, 
c (w = eicht 
es 
where SS an(z — a)” is the Laurent series about a for f, and C is 


n=— 00 
any circle lying in D with centre a. 


. Let f be a function that is analytic on a punctured disc with centre a. 


The residue of f at a is the coefficient a_, of (z — ol 1 in the 
Laurent series about a for f. It is denoted by Res(f, a). 


. By item 1 with n = —1, 


f f(z) dz = 2ri Res(f, a), 
C 


where C is any circle lying in D = {z : 0 < |z — a| < r} with centre a. 


Unit C1 Residues 


Section 1 Calculating residues 


ji 


Theorem Let f be a function that has singularities at the points o 
and —a. 

(a) If f is an odd function, then Res( f, —a) = Res( f, a). 

(b) If f is an even function, then Res(f,—a) = — Res(f,a). 


. Theorem Let f be a function that has a singularity at the point a, 


and suppose that the limit lim (z—a)f(z) exists. Then 
Zara 


Res(f,a) = lim(z—a)f(2). 


Furthermore, f has a simple pole at a if the limit is non-zero, and it 
has a removable singularity at a if the limit is 0. 


. g/h Rule Let f(z) = g(z)/h(z), where g and h are functions that 


are analytic at the point a, and h(a) = 0 and bio) £0. Then 


Res(f,a) = g(a)/h'(a). 
g(2) 


. Cover-up Rule Let f(z) = ——, where g is a function that is 
z-a 


analytic at a. Then 


Res(f, a) = g(a). 


. When applying the Cover-up Rule, make sure that you cover up only a 


factor of the form z — a. 


. The g/h Rule and the Cover-up Rule can be used to calculate residues 


only at singularities that are simple poles or removable singularities. 


. Theorem Let f be a function that has a pole of order k at the 


point a. Then 
dk) 


Res(f,a) = = tim (45 (t — a)*4(2)) ). 


Section 2 The Residue Theorem 


K; 


Cauchy’s Residue Theorem Let R be a simply connected region, 
and let f be a function that is analytic on R except for a finite number 
of singularities. Let [ be any simple-closed contour in R, not passing 
through any of these singularities. Then 


f f(z)dz = 2riS, 
T 


where S is the sum of the residues of f at those singularities that lie 
inside I. 
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2. Strategy for evaluating real trigonometric integrals 


To evaluate a real integral of the form 
2m 
f (cost, sin t) dt, 
0 


where ® is a function of two real variables, proceed as follows. 
(1) Replace 
1 1 1 
cost by 5 (2 + SC sint by AG — SE dt by P dz, 
to obtain a contour integral of the form Jett z) dz around the 
unit circle C = {z : |z| = 1}. In order for the ee to apply, 
the function f must be analytic with finitely many singularities 


on a simply connected region that contains C, and none of the 
singularities can lie on C. 


(2) Locate the singularities of the function f lying inside C, and 
calculate the residues of f at these points. 
(3) Evaluate the given integral by calculating 


2ri x (the sum of the residues found in step 2). 


Section 3 Evaluating improper integrals 


1. Let f be a function defined on an unbounded interval (a, 00), and 


suppose that a € C. The function f has limit œ as r tends to oo if 
for each real sequence (rn) in (a,00) such that rn —> co as n —> 00, we 
have 


f(tTn) > a as n > œ. 

(Or, equivalently, for each € > 0, there is an integer N such that 
(fiel — ole foralr >N.) 

We write either 


lim f(r)=a or f(r) A a asr —> oœ. 


. Combination Rules for Limits of Functions Let f and g be 


functions such that 
lm f(r)=a and lim g(r) =8. 
a) Sum Rule Jm (Ziel + 9(r)) =a4+ 8B. 
b) Multiple Rule Jm (Af(r r))=Aa, forrAEC. 
c) Product Rule Jm (f(r) g(r) = 


( 
( 
( 
(d) Quotient Rule jim (f(r)/9(r)) =a/B, provided that 8 4 0. 


. If p and q are polynomial functions such that the degree of q exceeds 


the degree of p, then 


wo 
SE q(r) S 
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4. Let f be a function that is continuous on R. Then the improper 


integral f f(t) dt is 


f ” maa im | mé, 


r>œ© J r 
provided that this limit exists. 


Let f be a function that is continuous on the interval Jo, oo). Then the 


improper integral IR f(t) dt is 
Ka j r 
f UE 
provided that this limit exists. 
5. Theorem Let f be a function that is continuous on R. 


(a) If f is an odd function, then 


IR 


(b) If f is an even function, then 


f| _tOa=2f oa 


provided that these improper integrals exist. 
6. Let f be a function that is continuous at all points of an interval [a,b] 
except the point c € (a,b), at which f may or may not be defined. 


b 
Then the improper integral f f(t) dt is 
a 


IN dt = m| ou dt + E f(t) it), 


provided that this limit, which is taken through positive values of €, 
exists. 


Let f be a function that is continuous at all points of R except the 
es 


point c. Then the improper integral f f(t) dt is 


—co 


f ` nod = lim f fedt 


=f 


e A 


provided that these limits exist. 
7. Round-the-Pole Lemma Suppose that f is a function that is T 
analytic on a punctured disc {z : 0 < |z — a| < 6} and has a simple 
pole at a. Let I be the upper half of the circle centred at o of 
radius £, where £ < 6, traversed from a + € to œ — £. Then 


im f f(e) de = ri Res(f,a). a—E a are 
if 


e>0 
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11. 


. Theorem Let p and q be polynomial functions such that 


e the degree of q exceeds that of p by at least two 
e any poles of p/q on the real axis are simple. 


Then 


es 

t 
f PU) a — Gei Lait 

-o0 a(t) 

where S is the sum of the residues of the function p/q at the poles in 
the upper half-plane, and T is the sum of the residues of p/q at the 


poles on the real axis. 


. Theorem Let p and q be polynomial functions such that 


e the degree of q exceeds that of p by at least one 
e any poles of p/q on the real axis are simple. 
Then, if k > 0, 
es 
t) . 
f P(t) An dt = riS + niT, 
-o0 a(t) 
where S is the sum of the residues of the function 
p(z) ikz 
f(z) =——e 
o q(z) 
at the poles in the upper half-plane, and T is the sum of the residues 
of f at the poles on the real axis. 


If p and q are real polynomial functions, then we can equate the real 
and imaginary parts of the equation 


co 
t) . 
I P(t) An dt = riS + 7iT 

-o0 a(t) 
to obtain the values of the real improper integrals 

OC t OC 
d Bi) cosktdt and d pt) sin kt dt. 

-o0 a(t) -o0 a(t) 

Jordan’s Lemma Let I be the upper half of the circle centred at 0 


of radius r, traversed from r to —r, and suppose that f is a function 
that is continuous on I and satisfies 


F| <M, forzeTY. 


Then, for k > 0, we have 


f fiz) dz mi 
il 


< —. 
T k 


Section 4 


1. Theorem Let h be an even function that is analytic on C except for 
poles at the points a1, Q2,...,@ (none of which is an integer), and 
possibly at 0, and let Sy be the square contour with vertices at 


Summing series 


(N + 4)(+1 i). Suppose that the function f(z) = (m cot rz)h(z) is 
such that 

Jm s f(zjdz=0 
Then 

oo 1 k 

Kä h(n) = E (Rests 0) + > Res(f, vil : 

n=1 j=l 


2. If f(z) = (mcot 7z)h(z), where h is analytic at 0, then 
Res(f,0) = h(0). 
3. For each N = 1,2,..., 


|cot7z| <2, for ze Sy, 


where Sy is the square contour with vertices at (N + 5) ( 14%), 


4. Theorem Let h be an even function that is analytic on C except for 
poles at the points a1, Q2,...,a@ (none of which is an integer), and 
possibly at 0, and let Sy be the square contour with vertices at 


(N + 4)(41+%). Suppose that the function f(z) = (mcosec 7z)h(z) is 
such that 

Jm S Figjas =0 
Then 

oo 1 k 

3 LU"! Se (nai? 0)+ Kä Res(f, och) 

n=1 j=l 


5. If f(z) = (mcosecmz)h(z), where h is analytic at 0, then 
Res(f,0) = h(0). 
6. For each N = 1,2,..., 


|cosecmz| <1, for ze Sy, 


where Sy is the square contour with vertices at (N + 5) ( Leet 


7. The Laurent series about 0 for cot and cosec are 


l 3 
cot z = —— e ee 
z 


3 45 


1 
cosecz = — + -2 4 ZS Ee 
Se: - 6 


Unit C1 Residues, Section A 


4 (N+5)( +i) 


SN 
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Section 5 = Analytic continuation 
1. For ¢ € R, the function Arg, is defined by 
Argy(z)=@ (z€C— {0}), 


A where H is the argument of z lying in the interval (¢ — 27, ol. 
/ 
Ze 2. The function Arg, is just the principal argument function Arg. 
Co Se 3. For ¢ € R, the cut plane Cg is defined by 
DECH. 


Cy = {re :r >0, EE <0 EE 
4. Theorem For all ¢€R, Arg, is continuous on Cg. 
5. For ¢ € R, the function Log, is defined by 

Logy(z) = log |z| +iArgg(z) (z €€- {0}). 


6. Theorem For all ac R, the function Log, is analytic on Cg with 
derivative 


1 
Log4(z) = F (z € Co). 


7. Let f and g be analytic functions whose domains are the regions R 
and S, respectively. Then f and g are direct analytic 
continuations of each other if there is a region 7 C RMS such that 


f(z) =9(z), frzeT. 


We also say that g is a direct analytic continuation of f from R 
to S, and vice versa. 


E 


BT" ` 
7 N 
P SN 
EE, 
O ` "Ss 
ii g T We, A 
y 
/ aces: 
I ae 
I I “7 
\ -7 


8. Let f be a function that is continuous on the interval (0,00). Then the 


OC 
improper integral | f(t) dt is 


0 
lee) 1 r 
H f(t) dt = lim J Dé: lim f Fedt 


provided that both limits exist. 
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10. 
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(KZ 


The non-negative real axis is the positive real axis together with 
the origin. 


Theorem Let p and q be polynomial functions such that 


e the degree of q exceeds the degree of p by at least two 
e any poles of p/q on the non-negative real axis are simple. 


Then, for0<a< 1, 
Co 
t 
f HI, dt = Ire TT cosec ra) S — (n cot a)T, 
o a(t) 
where S is the sum of the residues of the function 


fom HE) exp(a Logas (2) 


in Cy,, and T is the sum of the residues of the function 


f(z) = — exp(a Log 2) 


on the positive real axis. 


The notation (f, R) denotes an analytic function f whose domain is 
the region R. 


The finite sequence of functions 


(fi, Ra), (fo, R2), ege Le 


is called a chain of functions if (bn. Rk+1) is a direct analytic 
continuation of (fk, Rx), for k = 1,2,...,n—1. 


a 


P > ai. 
/ (fi, Ra) x >N 
N 
LS (f2,R2) \ _ 
~~. <a ~~. 
fe Ie) 4 
Ki 7 
= a 


Any two functions of a chain of functions are said to be analytic 
continuations of each other. If the two functions are not direct 
analytic continuations of each other, then they are said to be indirect 
analytic continuations of each other. 


A chain of functions is closed if Ri = Rp. 
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Unit C2 Zeros and extrema 


Section 1 Winding numbers 


1. 


66 


Let T : y(t) (t € [a,b]) be a path lying in C — {0}. 
A continuous argument function for T is a continuous function 
6: [a,b] — R 


such that, for each t € [a,b], O(t) is an argument of y(t). 


. A continuous argument function @ for T satisfies 


a =, for t € [a,b]. 


Kul 


. Theorem Any path T : y(t) (t € [a,b]) lying in C — {0} has a 


continuous argument function 0, which is unique apart from the 
addition of a constant term of the form 27n, where n € Z. 


. Let T : y(t) (t € [a,b]) be a path lying in C — {0}. The winding 


number of T around 0 is 


Wnd (I, 0) = = (0(6) — foi), 


where @ is any continuous argument function for I. 


. Theorem Let I’: y(t) (elo, NN be a closed contour lying in 


C — {0}. Then 


Wnd(P,0) = —- | ës 
R 


271 Zz 


. Let a be an arbitrary point in C, and let T : y(t) (t € [a,b]) be a path 


lying in C — {a}. 


A continuous argument function for I relative to a is a continuous 
function ĝa: [a,b] — R such that, for each t € [a,b], 0.(t) is an 
argument of y(t) — a. 


The winding number of [ around a is 


Wnd(P,a) = —(0a(b) — dai, 


where 0a is any continuous argument function for I relative to a. 


. Wnd(T, a) can often be calculated from a sketch. 


Wand, a) = 1 Wand, a) = 2 Wand(T, a) = —1 


8. 


Unit C2 Zeros and extrema, Section 2 


An equivalent definition of Wnd(T, ol is 
Wand, a) = Wnd(T — a, 0), 

where 
P-a:t)-a (¢€ (a,b) 

is the path T translated by —a. 


. Theorem Let T be a closed path, and let D be an open disc in the 


complement of I. Then the function a +—+ Wnd(T, ol is constant 
on D. 


Section 2 Locating zeros of analytic 
functions 


I; 


Theorem Let f be an analytic function with a zero of order n at a. 
Then the function f’/f has a simple pole at o with 


Res(f'/f,a) =n. 


2. The function f’/f is called the logarithmic derivative of f. 


. Theorem Let f be a function that is analytic on a simply connected 


region R, and let I be a simple-closed contour in R such that 
f(z) £0, for z €T. Then 


1 f f(z) 
mi Ip Fla” 


is equal to the number of zeros of f inside I, counted according to 
their orders. 


. Argument Principle Let f be a function that is analytic on a 


simply connected region R, and let I be a simple-closed contour in R 
such that f(z) #0, for z € rT. Then Wnd(f(T),0) is equal to the 
number of zeros of f inside T, counted according to their orders. 


. Let f be a function that is analytic on a simply connected region R, 


and let I be a simple-closed contour in R such that f(z) 4 8, for 
z ET. Then Wnd(f(T), 8) is the number of zeros of the function f — 8 
inside I’, counted according to their orders. 


. Rouché’s Theorem Suppose that f and g are analytic functions on 


a simply connected region R, and I is a simple-closed contour in R 
with 

If(z) — g(2)| < |g(2)|, for z eT. 
Then f has the same number of zeros as g inside T, each counted 
according to their orders. 


. The function g in Rouché’s Theorem is referred to as a dominant 


term for f on I. 


. Suppose that f is a function that satisfies f(z) = f(Z), for all points z 
3 


in its domain. Then f(z) = 0 if and only if f(Z) = 0, so non-real zeros 


of f occur in complex conjugate pairs. 
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Section 3 Local behaviour of analytic 


functions 


1. Open Mapping Theorem Let f be a function that is analytic and 
non-constant on a region R, and let G be an open subset of R. Then 
f(G) is open. 

2. Let f be a function that is analytic and non-constant on a region R. 
Then FOR) is also a region. 


3. Let f be a function that is analytic on a region R, and let a E R. 
Then f is n-to-one near æ if there is a region S inside R witha € S 
such that for each point w in f(S) — {f(a)} there are exactly n 
points z in S — {a} that satisfy f(z) = w. 

4. Local Mapping Theorem Let f be a function that is analytic on a 
region R, and let a € R. Suppose that the Taylor series about o for f 
has the form 

f(z) = f(a) + an(z — a)” + anyi(z— a)" +++, 
where n > 1 and a, 4 0. Then f is n-to-one near a. 

5. Let f be a function that is analytic on a region R, and let a € R. 

Suppose that 
Fa) = f'a) = = f(a) =0, but f(a) #0, 


where n > 1. Then f is n-to-one near a. 


6. Inverse Function Rule Let f be a one-to-one analytic function 
whose domain is a region R. Then f~! is analytic on f(R) and 
H 1 
f") (®@ =a for BE F(R). 
PO = Fa 
7. The restrictions of the functions tan and sin to the region 
{z:—1/2 < Rez < 1/2} have analytic inverse functions tan" and 
sin~! with derivatives 
1 1 
tan7!)/(z) = EE 
(tan) (2) = 372 Ce 
8. Strategy for inverting a Taylor series Given the Taylor series 
about a for f, 


f(z) — 3. an(z— a)", 
n=0 

where a, = f'(a) #0, we can find the Taylor series about 8 = f(a) 
for fo, ge 

Hiel = So bn(w — BY", 

n=0 

by putting bp = a and equating the powers of (z — æa) in the identity 

z —a = b(a (z-a) + a(z- a)? +--+) 

+ be (ai(z — a) + a(z- a} 4 if ae 


to obtain equations for bn. b2,... in terms of a1,a2,.... 


and (sin™t} (z) = 
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Section 4 Extreme values of analytic 
functions 


1. 


Let f be a function that is defined on a region R. Then the function 
|f| has a local maximum at a point a € R if there is some r > 0 
such that {z:|z—a| <r} CR and 


lf(z)| <|f(@)|, for |z -a| <r. 


. Local Maximum Principle Let f be a function that is analytic 


and non-constant on a region R. Then the function |f| has no local 
maxima on R. 


. The closure A of a set A in C is 


A= int AUOA. 


. Maximum Principle Let f be a function that is analytic and 


non-constant on a bounded region R, and continuous on R. Then 
there exists œ € OR such that 


IF| <|f(@)|, for ze R, 
with strict inequality for any z E€ R. 


. Minimum Principle Let f be a function that is analytic and 


non-constant on a bounded region R, and continuous and non-zero 
on R. Then there exists a € OR such that 


If(z)| = |f(@)|, for sek, 
with strict inequality for any z E€ R. 


. Boundary Uniqueness Theorem Let f and g be functions that 


are analytic on a bounded region R and continuous on R. If f = g 
on OR, then f =g on R. 


. Schwarz’s Lemma Let f be a function that is analytic on the open 


disc {z : |z| < R}, with f(0) = 0, and suppose that 
\f(z)| < M, for |z| < R. 

Then 
If(2)| < (M/R)|2|, for |z| < R. 


Section 5 Uniform convergence 


Li, 


2. 


A sequence of functions (fn) converges pointwise (to a limit 
function f) on a set E if, for each z € E, 


lim falz) = f(z). 
ks des 
A sequence of functions (fn) converges uniformly (to a limit 


function f) on a set E if, for each £ > 0, there is an integer N such 
that 


lfn(z) — f(z)|<e, foralln >N and all z € E. 


We also say that (fn) is uniformly convergent on E, with limit 
function f. 
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. In the definition of uniform convergence the choice of N depends only 


on e — the same N works for all z € E. By contrast, for pointwise 
convergence N depends on € and on z. 


. If (fn) converges uniformly to f on E, then it converges uniformly to f 


on any subset of E. 


If (fn) converges uniformly to f on E, then (fn) converges pointwise 
to f on E. 


. Strategy for proving uniform convergence To prove that a 


sequence of functions (fn) is uniformly convergent on a set Æ, proceed 
as follows. 


(1) Determine the limit function f by evaluating 
Ziel = lim falz), for ze€ E. 

(2) Find a null sequence (an) of positive terms such that 
lfn(z) — f(z)|< an, forn=1,2,... and all z E€ E. 


. If (ọn) is a sequence of functions, then the series of functions 


D AE ET EM 


n=1 
converges pointwise on a set E if the sequence of partial sum 
functions (fn), where 


falz) = o1(z) + Go(z) ++: + bn(z), n= 1,2,..., 
converges pointwise on FE. 


The series of functions converges uniformly on a set F, or is 
uniformly convergent on E, if the sequence of partial sum functions 
converges uniformly on E. 


The limit function f of the sequence (fn) is called the sum function 


OO 
of Kë du on E, written 


n=1 


I= nle) CEE). 
n=1 


. Weierstrass’ M-test Let (n) be a sequence of functions defined 


on a set E, and suppose that there is a sequence of positive 
numbers (Mn) such that 


1. |dn(z)|< Mn, forn=1,2,... and all z € E 
es 


2. Kë Mn is convergent. 


n=1 oo 
Then the series Kä gn is uniformly convergent on E. 
oe) n=1 


. Let > an2” be a power series with disc of convergence {z : |z| < R}, 


n=0 
where R > 0. Then the power series is uniformly convergent on each 
closed disc {2 : |z| <r}, where 0 < r < R. 
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9. Weierstrass’ Theorem Let (fn) be a sequence of functions, each of 
which is analytic on a region R, and suppose that (fn) converges 
uniformly to a function f on each closed disc in R. Then 


(a) fis analytic on R 
(b) the sequence (f!) converges uniformly to f’ on each closed disc 
in R. 


10. The zeta function is the function 


l1 1 1l SCH 
GE EN 
n=1 
11. Some values of the zeta function can be calculated using residue 
calculus, such as 


Se T? = ZE Tt 
C and Gg 
n=1 n=1 


Most values of the function ¢ can be found only approximately. 


12. The zeta function Ç is analytic on {z : Rez > 1} and 


Section 6 Special functions 
1. The gamma function is the function 
RE SR er tdt (Rex es 
2. Theorem The gamma function is an analytic function and 
T(z) = d e'"Gllostdt (Bez UL 


3. Theorem The gamma function has an analytic continuation T 
to C — {0, —1, —2,...} with simple poles at 0,—1,—2,... such that 


avy 
Res(T, —k) = a for kU; ex. 


4. Functional equation for the gamma function 
I(z+1)=2I(z), forz €C- {0,—-1, -2,...}. 
5. T(n+1)=n!, forn=1,2,.... 


6. Gaussian integral 


D e7? dz = yT. 


7. Theorem r(4) = AT. 
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Unit C3 Conformal mappings 


Section 1 Linear and reciprocal functions 


1. A function of the form f(z) = az +b, where a,b € C and a £0, is 
called a linear function. 


2. A scaling is a function of the form f(z) = rz, where r > 0. 


A rotation about 0 (through the angle 0 € R) is a function of the 
form f(z) = ez. 


A translation is a function of the form f(z) = z+ b, where b € C. 


3. Theorem Linear functions map lines onto lines and circles onto 
circles. Furthermore: 


(a) given any two lines Lı and La, there is a linear function that 
maps Lı onto Lə 

(b) given any two circles C and C2, there is a linear function that 
maps Cı onto C. 


4. The reciprocal function is the function 
1 
f(2-)=7 (2€C— {0}). 


5. Strategy for finding an equation for the image of a path 
under the reciprocal function To find an equation for the 
image f(T) of a path F under f(z) = 1/z, apply the following steps. 


(1) Write down an equation that relates the x- and y-coordinates of 
all points x + iy on T. 


Ti — 
(2) Replace x by Paw and y by Paw 
(3) Simplify the resulting equation to obtain an equation that relates 
the u- and v-coordinates of all points u + iv on the image f(T). 


6. Theorem Every line or circle has an equation of the form 
alz? +y?) +ba + cy+d=0, 
where a,b,c,d € R and b? + c? > 4ad. 


Conversely, any such equation represents a line or circle. Also: 


(a) the equation represents a line if and only if a = 0 
(b) the line or circle passes through the origin if and only if d = 0. 


7. Theorem The reciprocal function maps the set of non-zero points on 
the line or circle 


a(x? +y?) +ba + cy +d=0, 


where a,b,c,d € R and b? + c? > 4ad, onto the set of non-zero points 
on the line or circle 


d(u? +v?) +bu — cv +a =0, 
where a,b,c,d € R and b? + (—c)? > 4da. 
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ti; 
12; 
13. 


14. 


15. 


16. 


Unit C3 Conformal mappings, Section 1 


The extended complex plane C is the union of the ordinary 
complex plane C and one extra element, which is called the point at 
infinity, denoted by oo. Thus C = CU {oo}. 


. Given a function f with a pole at a, we can extend the definition of f 


to a by defining f(a) = oo. 
Given a rational function f, and a point 8 € C, we write 
f(z) > Bas z > œ 
to mean that 
f(1/w) > 8 as w > 0. 
If this holds, then we can extend the domain of f to include the 
point oo by defining f(oo) = £. 
Let L be a line. Then the set LU {00} is called an extended line. 
A generalised circle is a circle or an extended line. 


Theorem Linear functions and the reciprocal function have the 
following properties: 


(a) they are one-to-one mappings from C onto C 
(b) they map generalised circles onto generalised circles. 


The sphere S in three-dimensional space centred at the origin of 
radius 1 is called the Riemann sphere. The point N = (0,0,1) is 
called the North Pole. 


Consider the complex plane C embedded in three-dimensional space in 
such a way that each complex number x + iy is represented by the 
point (x, y,0) in the (a, y)-plane. Each line that joins a point P in the 
complex plane to the North Pole intersects the Riemann sphere at a 
point P’, say, and vice versa. 


The function 7: S —> C that projects the point P’ on the Riemann 
sphere to the associated point P in the complex plane, and maps N 
to ov, is called stereographic projection. 

Theorem 


(a) Stereographic projection maps circles on the Riemann sphere S 
onto generalised circles in on and every generalised circle in C is 
the image of some circle on S. 

(b) Stereographic projection preserves angles. 
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Section 2 Mobius transformations 


I; 


A function of the form 


az +b 
aF. 


is called a Möbius transformation. 


where a,b,c,d € C and ad — bc £0, 


2. Theorem Every Möbius transformation is analytic and conformal. 


10. 


11. 


. Convention Each Möbius transformation is considered to be 


extended (see items 9 and 10 in Section 1) to give a function 
from C to C. 


. Each Möbius transformation is either a linear function, or a 


composition of linear functions and the reciprocal function. 


. Theorem 


(a) Möbius transformations are one-to-one mappings from Č onto Ĉ. 
(b) Möbius transformations map generalised circles onto generalised 
circles. 


. Inverse function of a Möbius transformation The Möbius 


transformation 
b 
a= aa where a,b,c,d € C and ad — bc £0, 
cz+d 


has inverse function 
F (w)= 


—cw +a 
The inverse function f~! is itself a Möbius transformation. 


. Group properties The set of Möbius transformations has the 


following properties. 
Closure If f and g are Möbius transformations, then so is f o g. 
Identity The identity function on Č is a Möbius transformation. 


Inverses Each Möbius transformation f has an inverse function f~! 
that is also a Möbius transformation. 


Associativity If f, g and h are Möbius transformations, then 


folgoh)=(fog)oh. 


. A fixed point of a Möbius transformation f is a point a € C for 


which f(a) =a. 


. Theorem Each Mobius transformation, other than the identity 


function, has either one or two fixed points in C. 


Theorem If two Möbius transformations f and g satisfy f(z) = g(z) 
for three or more points z in C, then f = g. 


Theorem Given two triples of three distinct points a, 8,7 and 
a’, Olai in C, there is a unique Mobius transformation that maps 


atoa’, BtoB’ and ytoy’. 


12. 


13. 


14. 


Unit C3 Conformal mappings, Section 3 


Implicit Formula for Möbius Transformations Given two 
triples of three distinct points a, 8,y and oi. 8', y’ in Ĉ, the unique 
Möbius transformation that sends a to a’, 8 to B’ and y to y’ is the 
function f that maps z to w, where 


(z-a) (8-7)  (w-a’) (8-7 


(z-7) (8-a) r=) (Bal) 

Explicit Formula for Möbius Transformations Given a triple of 
three distinct points a, 8, y in C, the unique Möbius transformation 
that sends a to 0, 8 to 1 and y to oo is 


z-a) (6-7 
ba. 229) B=. 
(z—) (B- a) 
Theorem Given any two generalised circles Cy and Co, there is a 
Mobius transformation that maps C1 onto Ca, 


Section 3 Images of generalised circles 


I 


Every generalised circle is completely determined by the positions of 
any three of its points. 


. Three-point trick The image of a generalised circle under a Möbius 


transformation can be determined by finding the images of three 
points on the generalised circle. 


. Substitution method The image of a generalised circle C under a 


Mobius transformation f can be determined by substituting 
z = f—!(w) into the equation for C. 


. Any generalised circle C can be represented by an equation of the form 


|z — a| = k|z — 6|, wherea,B¢Candk>0, 


called the Apollonian form of an equation for C. If k = 1, then the 
equation represents a line which, by convention, includes oo (so it 
represents an extended line). 


. Let C be a generalised circle. Then o and O are inverse points with 


respect to C if 


e either o and p are equal and lie on C 
e or there exists a Möbius transformation f that maps a to 0, 8 to œo, 
and C onto the unit circle. 


. Theorem The points a and ĝ in Č are distinct inverse points with 


respect to a generalised circle C if and only if 


e either both a and 8 belong to C, and C has the equation (in 
Apollonian form) 


|z — a| = k|z — 6|, forsomek>0 
e or one of the points (8 say) is co, and C has the equation 


|z—al=r, forsomer>0. 
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10. 


11. 


12. 


. The points a and ĝ in C are inverse points with respect to an 


extended line L if and only if a is the reflection of 6 in L. 


. The centre a of a circle C and the point oo are inverse points with 


respect to C. 


. Theorem Let f be a Möbius transformation. If o and 0 are inverse 


points with respect to a generalised circle C, then f(a) and f(() are 
inverse points with respect to f(C). 


Inverse points method The image of a generalised circle C under 
a Mobius transformation can be determined by finding the images of a 
pair of inverse points with respect to C. 


Theorem Let C be the generalised circle with equation 

|z — a| = k|z — 6|, wherea,B8¢Candk>0. 
(a) If kÆ 1, then C is the circle centred at A of radius r, where 

klo -£| 
"CR ml "H: 

Also, A lies on the line through o and 8, and 

(a- B= =r. 

(b) If k=1, then C is the extended line through F(a + 6) that is 

perpendicular to the line through a and £. 


Existence of inverse points Let C be a generalised circle, and 
let 6 be an arbitrary point of C. Then there is a unique point o such 
that o and 8 are inverse points with respect to C. 


Section 4 Transforming regions 


1. 


An open disc centred at oo is a set of the form 
{2 : |z| > M}U {oo}, 
where M > 0. 


. Let A be a subset of C, and let o € Č. Then o is a boundary point 


in C of A if each open disc centred at o contains at least one point 
of A and at least one point of C — A. 


The set of boundary points in C of A forms the boundary in Č of A. 


. Each generalised circle separates Č into two parts, which together form 


the complement in C of the generalised circle. Each of these parts is 
called a generalised open disc. There are three types, as follows. 


A A A 
oo 
di di, 
| ) | | 
\ 7 \ CR E? 
SE Kä UZ p7 
| we 
open disc outside of a circle open half-plane 


together with oo 


Unit C3 Conformal mappings, Section 4 


4. Theorem Let f be a Mobius transformation, and let D be a 
generalised open disc with boundary C in C. Then f(D) is a 
generalised open disc with boundary f(C) in C. 


5. Let f be a Möbius transformation, and let D and f(D) be generalised 
open discs (or they are both lunes; see item 7). Then, as a point z 
traverses the boundary of D with D on its left, the image point f(z) 
traverses the boundary of f(D) with f(D) on its left. (A similar 
statement holds with ‘right’ in place of ‘left’ for both points z 


and f(z).) 
A f \ A 
P| —_— > N 
P NS N 
Lk JD K »< 
| > N > 
\ l vF (z) 
h d f(D) N 
ka. l e N 


6. Any one-to-one analytic mapping from a region R onto a region S is a 
one-to-one conformal mapping from R onto S. 


7. A lune is a set in C formed from the intersection of two generalised 
open discs whose boundaries in C, which are generalised circles, 
intersect at exactly two points. 


The two intersection points are called the vertices of the lune. TH 
Zz P 
8. Let Dı and Də be generalised open discs such that R = Dı N Də is a d Dı A >N DÈ N 
lune. Let Cy and Cz be smooth paths that traverse the boundaries I / 4 À 
in C of Dı and Dg, respectively. We choose the directions of Cy and C2 | C Í R AC, | 
such that Dı lies to the left of C1, and Dg lies to the right of Co. \ \ d / 
: \ \ 
The angle of the lune R is the absolute value of the angle from C4 \ ay / 
N K d 
to C2 at a vertex (not oo) of R. a 


9. Strategy for mapping lunes Let R be a lune with vertices o 
and 0. and let IT be a smooth path in the complex plane that traverses 
one of the boundary arcs of R from a to 8, excluding the endpoints, 
such that R lies to the left of IT. Let R’, a’, 8’ and I” be defined in a 
similar way. 


(Alternatively, we can replace ‘left’ by ‘right’ for both paths D and T.) 
Suppose that the angles of R and R’ are equal. 


To find a Mobius transformation f that maps R onto R’, carry out the 
following steps. 


(1) Define f(a) =a’ and f(8) = 8’. 
(2) Choose any points y on T and af on I”, and define f(y) = y’. 


(3) Use the Implicit or Explicit Formula for Mébius Transformations 
to determine f. 
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10. Standard conformal mappings 


Basic region 


Open half-plane 


Open disc 


Open sector with 


vertex at the origin 


Open horizontal 
strip 
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Mapping 


Linear function 


Mobius 
transformation 


Power function 


Exponential 
function 


Example 


w=iz-1 


a WE 


EE a 


SS ee 


sl ee 


Unit C3 Conformal mappings, Section 4 


11. Theorem The function tan is a one-to-one conformal mapping from 
R= {z:-1/2< Rez < 1/2} 
onto 
S=C-— {iv: veER, |v| > 1} 
with inverse function 


1 (EE? 
tan Lan = SE =~). 


12. Theorem The function sin is a one-to-one conformal mapping from 


R= {z:-1/2< Rez < 1/2} 


onto 
S=C-{ueR: |u| > 1} 
with inverse function 


1 
sino} w= Ż Log (iw +vV1—- vil 
i 
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Unit D1 Fluid flows 


Section 1 Setting up the model 


1. Basic fluid flow model We assume that 


e the flow is two-dimensional 


e the fluid forms a continuum, and any variation of the flow velocity 
within this continuum is continuous 


e the flow is steady. 


With these assumptions, we can represent the flow velocity at all times 
by a continuous complex function q, called the velocity function, 
whose domain is the region occupied by the fluid. 


2. At a point z where the fluid is at rest (has zero speed), the velocity 
function satisfies oz) = 0. Such a point is called a stagnation point 
of the flow. 


3. If q is a constant function, then the associated flow is a uniform flow 
or uniform stream. 


4. A streamline (or flow line) through the point zo, for a flow with 
velocity function q, is a smooth path I : y(t) (t € I) such that 


e y(t) =a(y(t)), fortel 
e zo = 7(to), for some to € I. 


If g(zo) = 0 (that is, if zo is a stagnation point), then the point zo is a 
degenerate streamline, with constant parametrisation 


y(t)=2 (te J). 


5. The component of q(z) in the direction specified by ei? 


go(z) = Re(q(z)e! 


Sg 
The component of q(z) in the direction specified by ell 


q(o—n/2)(2) = Im(q(z)e"). 


6. The conjugate velocity function q has the same domain as q and 
has rule 


q(z) = (2). 


7. Let T : y(t) (t € I) be a smooth path. Then y is a unit-speed 
parametrisation if 


KÉEN is 


ly’(t)|} =1, forte T. 


8. Theorem Let I: ¥(t) (elo, hl be a smooth path of length L. 
Then there is another parametrisation y(s) (s € [0, L]) of T such that 


ly‘(s)|=1, fr0<s< L. 
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10. 


TE 


12. 


13. 


14. 


15. 


16. 


Unit D1 Fluid flows, Section 1 


Let T : y(s) (s € [0, L]) be a smooth path with unit-speed 
parametrisation which lies in the domain of a flow with velocity 
function q. Then, for each s € [0, L], the velocity q(y(s)) has 


e tangential component qr(s) in the direction specified by y‘(s) 
e normal component qy(s) in the direction specified by —i7‘(s). 


Let T : y(s) (s € [0, L]) be a smooth path with unit-speed 
parametrisation which lies in the domain of a flow with continuous 
velocity function q. 


e The circulation of q along I is 
È 
Cr = | qr(s) ds. 
0 
e The flux of q across I is 
L 
P= f qy (s) ds. 
0 


Circulation and Flux Contour Integral For any contour I in the 
domain of a flow with continuous velocity function q, we have 


Cr +iFp = IER dz. 
Zb 


A flow with continuous velocity function q and domain a region Ris 


e locally circulation-free if Cp = 0 for each simple-closed contour T 
in R whose inside also lies in R 

e locally flux-free if Fr = 0 for each simple-closed contour T in R 
whose inside also lies in R. 


An ideal flow is a fluid flow, defined by a continuous velocity function 
on a region, that is locally circulation-free and locally flux-free. 


A steady two-dimensional fluid flow with continuous velocity 
function q on a region F is an ideal flow if and only if 


f q(z) dz =0, 


for each simple-closed contour I in R whose inside also lies in R. 


Theorem A steady two-dimensional fluid flow with continuous 

velocity function q on a region œR is an ideal flow if and only if its 

conjugate velocity function g is analytic on R. 

Let q be a velocity function for an ideal flow with flow region R, and 

let D be a punctured open disc in R with centre a. Then 

e ais a source of strength F if Fr = F > 0 for each simple-closed 
contour Um D that surrounds o 

e ais a sink of strength |F| if Fr = F < 0 for each simple-closed 
contour Um D that surrounds o 

e a is a vortex of strength |C] if Cr = C #0 for each simple-closed 
contour I in D that surrounds a. 


An anticlockwise vortex is a vortex with C > 0, and a clockwise 
vortex is a vortex with C < 0. 
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17. Theorem Let q be a continuous velocity function on a region R, and 


suppose that qı = Req and q2 = Imq have partial derivatives with 
respect to x and y that are continuous on R. 


The flow with velocity function q is 


(a) locally circulation-free if and only if 


ðq2 On | 

OE = Oy =0 nR 
(b) locally flux-free if and only if 

dm ` OG 

—+—=0 R. 

Ox Oy on 


Section 2 Complex potential functions 


1. Let q be the velocity function for an ideal flow with domain a 


region R. A function 2 that is a primitive of g on a region S C R 
(that is, Q(z) = q(z), for z € S) is called a complex potential 
function for the flow. 


Such a complex potential function Q always exists on any simply 
connected region contained in R, by the Primitive Theorem. 


. If Q is a complex potential function for an ideal flow, and Q is defined 


on a region S, then 
Cr + ifr = d 0! (z) dz = QUB) — Qa), 
T 


where T is any contour lying in S with initial point o and final 
point 6. Then 


Cr = ReQ(8) —ReQ(a) and Fr = ImQ(8) — Ima). 


. Theorem Suppose that an ideal flow is defined on a region R, and Q 


is a complex potential function for this flow on a region SC R. 


Then the streamlines for the flow within S are the smooth paths with 
equations of the form Im Q(z) = k, for some real constant k. 


. Each point of a flow region has just one streamline through it. 


. A stagnation point is a degenerate streamline consisting of a single 


point, so no other streamline passes through a stagnation point. 


. Let Q(z) = (z) +7 (z) be a complex potential function for an ideal 


flow. Then the function Y = Im? is called a stream function for the 
flow. The streamlines for the flow within the domain of Y are the 
smooth paths with equations of the form 


W(z) =k, 


for some real constant k. 


6. Examples of fluid flows 


Flow type 


Uniform flow 


Flow near a 
stagnation point 


Flow with a source 


Flow with a sink 


Velocity function 


q(z) =a, 
oU 
q(z) =Z 
(ees 

zZ Je 
q(z) = -37 Wen 


Streamlines 


Unit D1 Fluid flows, Section 2 
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Flow type 


Flow around a vortex 


Flow due to a doublet 


Flow due to a doublet 
in a uniform stream 


Velocity function 


a iz 
q(z) = z [ze 
1 2 
q(z) WE D 
2 
a 
z)=1- = 
q(z) = 
a>0O 


Streamlines 


7. In any fluid flow there is no flux across a streamline, so we can treat 
any streamline as the solid boundary of a flow lying on either side of 


that streamline. 
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Section 3 The Joukowski functions 
1. The function 
CEET (Get — {0}) 
is called the basic Joukowski function. 


2. Theorem The function J(z) = z+ 1/z has the following properties. 


(a) J maps the circle {z : |z| = 1} onto the line segment [—2, 2], 
with J(1) = 2 and J(—1) = —2. 
(b) J maps the region {z : |z| > 1} conformally onto the 
region C — [—2, 2]. 
(c) The restriction of J to {z : |z| > 1} has inverse function 
Jt (w) = (w +wy1=4/w?) (we C—[-2,2)). 


(d) J has non-vanishing derivative at all points of C — {0} 
except z = +1. 


3. We extend the family of Joukowski functions to include 
a 
Jalz) =z + SZ (ze C- {0}), 
where o is any non-zero complex number. In particular, Jj = J. 
4. L(—2a, 2a) denotes the line segment from —2a to 2a. 
5. Theorem For a € C — {0}, the function Ja has the following 
properties. 
(a) Ja maps the circle {z : |z| = |a|} onto the line segment 
L(-2a, 2a), with J(a) = 2a and J(—a) = —2a. 
(b) Ja maps the region {z : |z| > |a|} conformally onto the 
region C — L(—2a, 2a). 
(c) The restriction of Ja to {2 : |z| > |a|} has inverse function 
Ja (w) = ¿(w+ wy1-— 4a?/w?) (w eC- L(-2a, 2a)). 
(d) Ja has non-vanishing derivative at all points of C — {0} 
except z = =a. 
6. Let Ry denote the rotation about 0 through the angle ¢ = —Arga. 
Then 


Jo = RS" oe o Rg. 
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Section A Flow past an obstacle 
1. Let a>0. Then Ka and Ca denote the sets 


Ka = Asile <a}, 
Gy=0k,={2? |z| =a}; 


. Theorem For a> 0, c € R, the ideal flow with velocity function 


oi ic 
qacl2) =1- 377 (z€ C- {0}) 
and complex potential function 
a 
Qaez) = z+ — icLogz (z€C,) 
has the following properties: 
(a) lim qac(z)=1 
Es de sl 
(b) OK, = Ca is made up of streamlines for the flow 
(c) for any simple-closed contour I surrounding Ka, 


Gi) C= Re | Tze) dz = 2nc 
r 


(i) Fr= im f Taole) dz = 0, 
Tr 


. An obstacle is a compact, connected set K in C, which is not a single 


point, such that C — K is also connected. 


. Obstacle Problem Given an obstacle K and a real number c, we 


seek a velocity function q for an ideal flow with flow region R = C — K 
satisfying the following properties. 


(a) lim q(z)=1. 
ZAC 
(b) There is a complex potential function Q for q on either R or 


R —%, where 3 is a simple smooth path in R joining a point 
of K to oo, and a real constant k such that 


lim ImQ(z) =k, for each a € OK. 


(c) For any simple-closed contour I surrounding K, 


Cr = 27. 


. The quantity 27c in the Obstacle Problem is called the circulation 


around the obstacle K. 


. The ideal flow with velocity function qa,c solves the Obstacle Problem 


for K = Ka with circulation je around K. 


Unit D1 Fluid flows, Section 5 


7. Flow Mapping Theorem Let K be an obstacle, and let f bea 
one-to-one conformal mapping from C — K onto C — Ka, where a > 0, 
such that the Laurent series about 0 for f on {z : |z| > R} has the form 


ll =2+094+ Sitt for |z| > R, 


where R > 0 and ao, a_1,a_2,... € C. Then the velocity function 


q(z) = qael f CDF) (2€C-K) 
is the unique solution to the Obstacle Problem for K with 
circulation 27c around K, and a corresponding complex potential 
function is 


Q(z) = Qac(F (2). 
8. Let Jo(w) = w + a?/w, where a Æ 0, and let JZ! be the inverse 
function of the restriction of Ja to C — Kat. Then, for 
z E€ C— L(-2a, 2a), 
(a) Ja (2) +a°/Ja (2) = 
(b) Ja) =a a e) = 
1 8 de 


Section 5 Flow past an aerofoil 


1. A point at which a function f has zero derivative is called a 
critical point of f. 

2. A Joukowski aerofoil is an obstacle that has boundary J,(C), for 
a > 0 (possibly after an appropriate translation or rotation), where C 
is a circle that passes through one of the critical points w = a of Ja 
and surrounds the other critical point w = —a. 


The point z = 2a is called the trailing edge of the aerofoil. 


A A 
Ja 
_—_——_=~ 
trailing C 
Ja(C) edge 
> kaf > 
—r—a?/r 2a —r a r 
Joukowski 
aerofoil ^ 
eg éi 
J 
z-plane w-plane 
3. A symmetric aerofoil in a uniform stream in the direction of the > 


positive x-axis has angle of attack ¢, where ¢ is the angle from the 


line of symmetry of the aerofoil to the negative x-axis. aT EE 


2 
stream a 
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Unit D2 The Mandelbrot set 


Section 1 Iteration of analytic functions 
1. A sequence (zn) defined by a recurrence relation of the form 
Zari = f (2n); n = 0,1,2,..., 


where f is a function, is called an iteration sequence with initial 
term Zo. 


2. Let f: C — C be a function. The nth iterate of f is the function f” 
obtained by applying f exactly n times: 


f° =fofo---of, where n = 1,2,.... 
Also, f° denotes the identity function f°(z) = z. 
3. A fixed point of a function f is a point o for which f(a) =a. 
4. The equation f(z) = z is called the fixed point equation. 


5. Theorem Let a be a fixed point of an analytic function f, and 
suppose that | f’(a@)| < 1. Then there exists r > 0 such that 


lim f” (zo) =a, for len —al <r. 
6. A fixed point a of an analytic function f is 
e attracting if | f’(a)| <1 
e repelling if | f’(a)| >1 
e indifferent if | f’(a)| = 1 
e super-attracting if f'(a) = 0. 


7. Let o be an attracting fixed point of an analytic function f. Then the 
basin of attraction of o under f is the set 


{z: f"(z) > a as n > oo}. 
8. The functions f and g are conjugate to each other if 
g=hofoht}, 
for some one-to-one function A called the conjugating function. 
Let (zn) be the sequence defined by 
mai = Sen e 


for some initial term zo, and let wn = h(zn), for n = 0,1,2,.... Then 
the sequence (wpn) satisfies 


yet Bags for n =0,1,2,..., 


and (zn) and (ol are called conjugate iteration sequences. 
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Section 2 Iterating complex quadratics 
1. Theorem The iteration sequence 
Znal = az? + bzn +c, m= DL eng 
where a Æ 0, is conjugate to the iteration sequence 
tiny =W +d, n=0,1,2,..., 
where d = ac + xb — zb, The conjugating function is 
h(z) = az + 5b. 
2. Functions of the form 
P.(z) =z? +c, wherec€C, 


are called basic quadratic functions. 


3. The fixed points of P, are ` Æ - =c. 


4. Theorem Let re = 5 +4/4 + |e|. Then, for |zo| > re, 
Pn e 12.22%, 
is an increasing sequence, and 
P?(z0) > œ as n > o. 
5. For c € C, the escape set of P, is 
Ec = {z : P? (z) 4 œ as n > oo}. 
The complement of Ee is denoted by Ke and is called the keep set. 
6. A set A is completely invariant under a function f if 
zE A => f(z)E€A. 


7. Theorem For each c € C, the escape set Ee and the keep set Ke 
have the following properties: 
(a). Ee 242: l| ek, and Ke Cie: la| < re} 
(b) Ee is open and Ke is closed 
(c) Bef and K. # Ø 
(d) E. and Ke are each completely invariant under P} 
(e) Ee and Ke are each symmetric under rotation by 7 about 0 
(£) 


8. Ke is a compact set. 


Ec is (pathwise) connected and Ke has no holes in it. 


9. The point a is a periodic point, with period p, of a function f if p z Bie, Ss 
f?(a) =a, but f*(a) Za, fork =1,2,...,p—1. f? a 
The p points fP(a)=ae 
a, f(a), Pla), Pa) Ne Pla) 
f(a) 


then form a cycle of period p, or a p-cycle, of f. 
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10. Any periodic point a of P, lies in the keep set Ke. 
11. Theorem Let a, f(a), f?(a),..., f?-'(a) form a p-cycle of an 
analytic function f. 
(a) Then the derivative of f? at a satisfies 
(f?)'(a) = f'(a) x f’(F(@)) x TU (a) x x HUT (a), 
and hence the derivative of f? takes the same value at each point 
of the p-cycle; that is, 
(f?)'(a) = (F?)'(F(a)) = (PPY (a) = + = UI UE" Loi), 
(b) Let g=hof oh, where h is a one-to-one analytic function, and 


let 8 = h(a). Then £,g(8),97(B),...,g?-1(8) is a p-cycle of g, 
and 
(9?)'(B) = (FP) (a). 
12. Let o be a periodic point with period p of an analytic function f. 
Then the number (f?)'(a) is called the multiplier of the 
corresponding p-cycle. 


13. Let o be a periodic point with period p of an analytic function f. 
Then or and the corresponding p-cycle are 


e attracting if |(f?)'(a)| <1 
e repelling if |(f?)'(a)| >1 
e indifferent if |(f?)'(a)| =i 
e super-attracting if (f?)/(a) = 0. 
14. Theorem Let o be a periodic point of the function Py. 


(a) If q@ is attracting, then a is an interior point of Ke. 
(b) If a is repelling, then o is a boundary point of Ke. 


Section 3 Graphical iteration 


1. Graphical iteration with a real function f is the process of 
constructing the sequence (£n), where 


Bnat eeh, WH OAs aes 


for a given point xg € R, by drawing alternately vertical and horizontal 
lines joining the points 


(x0, 0) to (x0, 21) = (xo, f(xo)) 
(xo, 21) to (z1, z1) 

(x1, £1) to (41, £2) = Lët, f(x1)) 
(x1, £2) to (x2, £2) 

(x2, £2) to (x2, £3) = (£2, f (£2)), 
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2. For c € R, the function P, has 


(a) no real fixed points if c > 3 


(b) a single fixed point 4, if c = 4 


(c) two real fixed points 5 4/4 — c, ife < 4. 
3. Theorem Ifc> 7 then K.NR=2. 


4. Forc< 7 Ie denotes the closed interval 


r= 7 1 SEET d 
5. Theorem If —-2<c< +; then KeA R = Fe. 
6. Theorem If c< —2, then the set Ke N R consists of the closed 
interval Je with a sequence of disjoint, non-empty, open subintervals 
of I, removed. In particular, 0 ¢ Ke. 


Section 4 The Mandelbrot set 


1. A set A is disconnected if there are disjoint open sets G; and G2 
such that 


ANG, 429, ANG, $ Ø and ACG,UG». 
A set A is connected if it is not disconnected. 
2. The set Ke is disconnected when c > j and when c < —2. 


3. Theorem Any pathwise connected set is connected. 


However, a connected set need not be pathwise connected. 


4. The Mandelbrot set is the set M of complex numbers c such that Ke 
is connected. 
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. Fatou-—Julia Theorem For any c € C, 


bk. is connected ==> O€ Ke. 


. Theorem The Mandelbrot set M can be specified as 


M={e=|P(0)| <2, tor n= pZ enh. 


. The Mandelbrot set M 


(a) is a compact subset of {c : |e| < 2} 

(b) is symmetric under reflection in the real axis 
(c) meets the real axis in the interval |—2, 4] 

(d) has no holes in it; that is, C — M is connected. 


8. Theorem The Mandelbrot set is connected. 


9. Suppose that c Æ SEI Then P, has a single 2-cycle a1, oz, where 


10. 
11. 


12. 


13. 


14. 


15. 


= E e E ee aes 
&i = =7 F qe E 1 G 


with multiplier 

(P?) (a1) = doen = 4(c +1). 
Theorem If the function P, has an attracting cycle, then c € M. 
Theorem 


(a) The function P, has an attracting fixed point if and only if c 
satisfies 


(8|c|? — 2)" +8Rec < 3. 
(b) The function P, has an attracting 2-cycle if and only if c satisfies 
lc+1| <j. 
A periodic region is a maximal region R such that, for some positive 
integer p, the function P, has an attracting p-cycle, for all c E€ R. 
Theorem The function P, has a super-attracting p-cycle if and 
only if 
P?(0)=0, but P*(0) 40, for k =1,2,...,p—1. 
The number A is a primitive nth root of unity if A is a root of 
unity and if n is the smallest positive integer for which à” = 1. 


Theorem Suppose that the function Peg, where co € C, has a p-cycle 

whose multiplier A is a root of unity. 

(a) Saddle-node bifurcation at co If \ = 1, then co is the cusp 
of a cardioid-shaped periodic region R, such that 

P, has an attracting p-cycle, for c E€ R. 

(b) Period-multiplying bifurcation at co If A is a primitive nth 
root of unity, for n > 1, then there are two periodic regions Ry 
and Rə whose boundaries meet at co such that 


-cycle for cE R 
P, has an attracting es t 
np-cycle, for c € Rə. 
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